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REAL-ANALYTIC DESINGULARIZATION AND SUBANALYTIC SETS:
AN ELEMENTARY APPROACH

H. J. SUSSMANN

ABSTRACT. We give a proof of a theorem on desingularization of real-analytic
functions which is a weaker version of H. Hironaka’s result, but has the ad-
vantage of being completely self-contained and elementary, and not involving
any machinery from algebraic geometry. We show that the basic facts about
subanalytic sets can be proved from this result.

1. INTRODUCTION

Subanalytic sets were studied by Gabriélov [G], Hironaka [Hil, Hi2], and
Hardt [H1, H2, H3, H4], as a natural extension of the theory of semianalytic
sets developed by Lojasiewicz [L1, L2]. The theory of subanalytic sets and their
associated stratifications can be developed in two ways, namely (a) by appeal-
ing to H. Hironaka’s theorem on resolution of singularities, or (b) by means
of a direct approach, as suggested in Hardt [H1]. The first approach makes it
possible to prove stronger results, such as the fact that every subanalytic set is
a locally finite union of images of open cubes under maps that are real analytic
on a neighborhood of the closure of the cube. (In Hironaka’s approach, this is
actually how subanalytic sets are defined.) The second approach, however, has
the advantage of not requiring the use of the formidable apparatus of desingu-
larization theory. A detailed account of how this approach can be carried out
to a successful conclusion will appear in [S]. The purpose of this note is to show
that it is possible to obtain the full force of the results of the first approach
by completely elementary means. We give a simple proof of a desingulariza-
tion theorem which, although weaker than Hironaka’s, suffices to obtain all the
results on subanalytic sets. This “weak desingularization theorem” says that
every nontrivial real-analytic function f on a real-analytic manifold M can be
“desingularized” in the sense that there exists a real analytic, proper, surjective
map ®: N — M, where N is a C” manifold of the same dimension as M ,
such that the composite map f o @ is locally a monomial (i.e. has “normal
crossings”). This is weaker than the full desingularization theorem, in that it
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does not give the extra conclusion that the map can be taken to be a diffeomor-
phism on an open dense set. However, this extra condition is not needed at all
to develop the theory of subanalytic sets, as we show in the last two sections
of the paper. In those sections we show that the weak desingularization result
suffices to get, by completely elementary means, the basic results on stratifica-
tions of subanalytic sets, plus the theorem that the complement of a subanalytic
set is subanalytic. We limit ourselves to the most basic stratification theorems,
namely, the stratifiability of subanalytic sets (Theorem 9.1) and maps (Theo-
rem 9.2). Theorem 9.2 gives the existence, for a C* map f:M — N which
is proper on a closed subanalytic set L C M, and locally finite families & , %
of subanalytic sets of M, N, respectively, of stratifications .#,7 , by C”,
connected, embedded subanalytic submanifolds that are subanalytically diffeo-
morphic to balls, with the property that every 4 € & U {L} is a union of
strata of ., every B € Z U {f(L)} is a union of strata of .7, and the re-
striction [L of % to L is trivial over J [f(L), in the sense that every
S € S[L is subanalytically diffeomorphic to a product C x T by means of a
map Q. CoxTg — S, where T € 9, C, is an open cube in R* for some k ,
and f o ®g is the canonical projection 7n:Cy x Tg — T . Of course, these re-
sults are not new, but the proofs presented here are—we believe—considerably
clearer and simpler than others available in the literature. (Cf., e.g. the pa-
pers by Hardt [H1, H2, H3, H4]. Our method is essentially the “corank one
projections” method of Hardt [H4].)

Recently, E. Bierstone and P. Milman [BM] have independently found an-
other elementary proof of a weak desingularization result that also makes it
possible to carry out the development of subanalytic set theory exactly as is
done here.

2. STATEMENT OF THE WEAK DESINGULARIZATION THEOREM

Throughout this paper, the word manifold means finite-dimensional, Haus-
dorff, second countable manifold of pure dimension (i.e. such that all the con-
nected components have the same dimension). All manifolds considered will be
of class C“, i.e. real analytic. If M, N are C” manifolds, then C“(M ,N)
denotes the set of all C” maps from M to N. The elements of C“(M,R)
are the C“ functions on M , and those of C“(M ,C) are the complex-valued
C® functions on M . A function f:M — R is nontrivial if it does not vanish
identically on any connected component of M . (If f is C“, it follows that
{x:x € M, f(x)# 0} is open and dense in M.) A C' map /M — N has
full rank if every connected component of M contains at least one point p
where the differential of f has rank equal to ¥ = min(dimM, dim N). (If
f e C”(M,N), it then follows that df has rank v on an open, dense subset
of M.) A continuous map f:M — N is proper if f—l(K) is compact in M
for every compact subset K of N.



REAL-ANALYTIC DESINGULARIZATION AND SUBANALYTIC SETS 419

We use C"(g) to denote the open cube

(2.1.a) C"(e) = {(x;5...,x,) eR":|xi| <egfori=1,...,n},
and write
(2.1.b) Cele)={(z,,...,2,)€C":|z|<efori=1,...,n}

for the corresponding complex polydisc. (Sometimes we will write C;(s) for
C"(¢), to emphasize that we are dealing with a real cube rather than a polydisc.)

If M isa C” manifold, and dim M = n, a cubic chart of M is a triple
(U,®,e) where

(2.La) U is an open subset of M ,

(2.Lb) ®:U — C"(¢) is a C* diffeomorphism.

The point p = &~ (0) is the center of the chart (U,®,¢), the number ¢ is
its radius, and the set U is its domain.
We let Z, denote the set of nonnegative integers (so that 0 € Z L If

a=(a,...,a,)€Z, and &= (& ,...,¢)€C", welet
(2.2.a) g=grer e

and

(2.2.b) ol =, +a,+ - +a,.

A C” monomial with respect to a cubic chart (U,®,¢) isa C” function
f:U — C such that there is a nowhere vanishing C“ function 4:®(U) — C
and a multi-index o € Z' , such that

(2.3) (@' (x)) = A(x)x" for x € B(U).

(Clearly, f is real valued iff 4 is.)

A function f € C”(M ,R) is desingularized if every p € M is the center of
a C“ cubic chart (U,®,¢) such that the restriction of f to U is a monomial
with respect to (U, ®,¢). More generally, if F is a set of C“ functions on
M, we call F desingularized if every p € M is the center of a C“ cubic chart
(U,®,¢) such that all the restrictions to U of the members of # are mono-
mials with respect to (U, ®,¢). (Notice that this is stronger than requiring that
each f €% be desingularized.)

Let M be a C” manifold, and let .# be a subset of C“(M ,R). A desin-
gularization of ¥ is a pair (N,v) such that

(2.I1L.a) N is a C” manifold of the same dimension as M ,
(2.ILb) v:N — M is a proper, surjective C”map,

(2.1Lc) the set ¥ ov = {fov: f € F} is desingularized.
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If N isa C® manifold, we use &(N) to denote the set of connected com-
ponents of N. We emphasize that it is part of the definition of a manifold that
all the Q € €(N) have the same dimension. A union of tori is a pair (N ,0),
where N is a C“ manifold, and 6 = {HQ Q € @(N)} is a family of C“
diffeomorphisms 0Q.Q —T". Here n=dim N and T" is the n-dimensional
torus (S')". The diffeomorphism 69 is given by an n-tuple (GIQ, ,Bf) of
C“ functions from Q to S ' that will be referred to as a system of angular
coordinates for Q. If (N,8) is a union of tori, then a function f: N — R will
be said to be a sine monomial on (N ,6) if, for each Q € £ (N), the restriction
fIQ of f to Q is given, in terms of the coordinates (GIQ, e 0,?) , b

(2.4) 162, ....6% = 42062, ..., 09)sin 691

for some multi-index o and some nowhere vanishing C* function A% Q-
R. (Here sin 62 denotes the n-tuple (sin BIQ, ,6,?).)

We let Mon(N, 6) denote the set of all sine monomials on (N, 0). It is easy
to see that Mon(N , 8) is desingularized.

If & C C”(M,R), a toric desingularization of F 1isatriple (N,6,v) such
that

(2.11L.a) N is a union of tori,and dim N = dim M ,
(2.11Lb) v:N — M is a proper, surjective C*’map,

the set F ov = {fov:f € F} consists of sine monomials on

(Lo o

It is clear that, if (N,6,v) is a toric desingularization of % , then (N,v)
is a desingularization.

Our weak desingularization theorem says that every nontrivial f € C”(M,R)
has a desingularization. The proof will actually construct a toric desingulariza-
tion, and it will be useful in applications to have this stronger property, so we
will incorporate it in our statement. Moreover, it will be convenient to add an
extra property that follows trivially from the others. Suppose that (N,v) is a
desingularization of & C C“(M,R). Let N be the union of those connected
components Q of N such that v has rank equal to dim M at some point of
Q, and let v be the restriction of v to N. Then u(N ) is a closed subset
of M. Since v is surjective and v(N — N ) is nowhere dense, it follows that
U(N)= M. So (N,D) is also a desingularization of % . Hence we can assume
that v has full rank. Finally, it is easy to see that, if every function has a desin-
gularization, then the same is true for every finite set of functions (cf. Lemma
3.4 below). We prefer to incorporate this in our statement. So, the theorem to
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be proved is

Theorem 2.1. Let M be a real-analytic manifold, and let F be a finite set
of nontrivial real-valued real-analytic functions on M. Then F has a toric
desingularization (N ,6,v) such that v has full rank.

We will refer to Theorem 2.1 as the “Weak Desingularization Theorem”. Hi-
ronaka’s desingularization theorem is much stronger, for it asserts the existence
of a desingularization (N,v) such that v is a diffeomorphism on an open
dense set.

3. FROM GERMS TO FUNCTIONS

The proof of Theorem 2.1 will be by induction on » = dim M . We remark
that the cases n = 0 and n = 1 are trivial. From now on we fix an », and
assume that Theorem 2.1 is true for all manifolds of dimension < n. Our goal
is to prove the theorem when dimM = n + 1. We will do this by proving
the desired conclusion for germs. This requires that we define what is meant
by a desingularization of a germ. The purpose of this section is to give this
definition, and to prove that the desingularizability of germs implies that of
functions.

If v: N — M is a continuous map, and K is a compact subset of N, we say
that v is open at K if, whenever U is a neighborhood of K, it follows that
v(U) contains a neighborhood of v(K).

If v: N — M is continuous, and g € N, then every germ f of functions at
v(q) has a well-defined pullback uq*(f) , which is a germ at ¢ .

If M isa C” manifold, and p € M, we let M@; denote the set of all

germs at p of C real-valued functions defined on neighborhoods of p. If
v:N—M isa C* map,and g€ N, then v, maps &, to O .

If fe,, é’p , we say that f is desingularized if there exists a C” cubic chart
(U,®d,¢), centered at p, and a representative f of f, which is defined on U
and isa C” monomial with respect to (U,®,¢). More generally, let & C M ﬁp
be a set of germs at p of C* functions. We say that & is desingularized if there
existsa C“ cubic chart (U,®,¢), centered at p, such that every f€ £ hasa
representative f € C“(U,R) which is monomial with respect to (U, ®,¢).

A desingularization of a set & of germs at p of C” functions on M is a

triple (N,K,v) such that

(3.1a) N is a C”manifold, of the same dimension as M ,
(3.1b) visa C’map from M to N,

(3.1.c) K is a compact subset N,

(3.1.d) v(K) = {p},

(3.1e) v is open at K,
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for every q € K , the set of germs v (%) = {v (f):f € &} is
(3.L) ‘ ‘ p p
desingularized.

The set of germs & is desingularizable if it has a desingularization.
If feC”M,R),and pe M, we let fp denote the germ of f at p. If
F CCYM,R), welet F ={f:f€F}. Wethen have

Lemma 3.1. Let M be a C” manifold and let & C C“(M ,R) be finite. Then
F  has a desingularization if and only if 3‘; is desingularizable for every p € M .
In that case, F has a toric desingularization (N ,0,v) such that v has full
rank.

To prove Lemma 3.1, we first make a trivial observation and prove another
lemma.

Observation 3.2. If N, Q are locally compact metric spaces, and v: N — Q is

continuous, surjective and proper, then v isopenat v~ ! (K) for every compact
subset K of Q. O

Lemma 3.3. Let M be a C* manifold p e M, & C, & . Assume & is
finite. Then the following are equivalent:

(i) & is desingularizable,

(i) there exist N,v,U,F such that: (a) N is a compact C” manifold,
(b) dimN =dimM, (c) v:N - M isa C” map, (d) U is a neighborhood of
p,(e) v(N)C U, (f) v(N) contains a neighborhood of p, (g) & C C”(U,R),
(h) & = %, and (k) F ov is desingularized,

(iii) every neighborhood V of p contains a U such that there are N ,0,v ,F

for which (a),..., (h) of (i) holds and, in addition, (N,0) is a union of tori
and ¥ ov C Mon(N , 6).
Proof. 1t is clear that (iii) implies (ii). To see that (ii) implies (i), let N,v, U,
F beasin (ii),let Q =v(N), K={p}, J = V_I(K). Observation 3.2 tells us
that, if W is a neighborhood of J in N, then v(W) contains a neighborhood
Z of p relative to v(N). Since p is an interior point of v(N), Z also
contains a neighborhood of p in M. So v isopen at J. Then (N,J,v) is
a desingularization of & .

We now prove that (i) implies (iii). Let (N,K,v) be a desingularization of
% . Let V be a neighborhood of p. Pick a neighborhood U of p which is
connected, is a subset of V', and is such that every f€ £ has a representative
which is defined and real analytic on U . This representative is then unique.
Let .# be the set of all these representatives. For each ¢ € K, pick a cubic
chart (W, ,(Dq ,sq) , centered at ¢, such that every member of V;(? ) has a
representative which is defined on W, and isa C” monomial with respect to
(Wq ,d>q , € q). By making ¢ g smaller, if necessary, we may also assume that
v(W,)cU. If fe€% ,then fov is defined and analytic on W, . Moreover,

(fo v), = v;(fp). Therefore the restriction ¢qf of fov to W, is the unique
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real-analytic representative of z/;( j;) whose domain is w,. It follows that qbg
is a monomial with respect to (Wq ,<I>q , € q) . Choose ¢,, ... ,q,, such that

(3.1) ngg%‘(c”(%)):g

Let ﬁl e ]Vm be disjoint copies of the torus T", and let 6’: N - T" be
C* diffeomorphisms, given by 6’ = (6/,...,6’). Let N be the union of the
ﬁj, and let § = {#’:j = 1,...,m}. Then N is compact, and (N,6) is a
union of tori. Define a map p: N — N by letting p = p ; on N, where p; is
given in coordinates, by
(3.2) pi(0], ... ,0;')=<1>;‘ %(sinef,...,sineﬁ) )
Then p € c“ (N N), and p(N) contains the open set Q. Let y=vop.
Then N is compact, d1mN dimM, 7 € C°(N,M), U is a neighborhood
of p, (N)C U, 7(N) contains a neighborhood of p (because v is open at
K), & CcC®U,R), #,=%, (N,0) is a union of tori and F ov consists

of sine monomials on (N,6). O

We now prove Lemma 3.1. Suppose .# is desingularizable. Let (N,v)
be a desingularization of ¥ . Let p € M. Let K = u_l(p). Since v is
proper and v(N) = M, Observation 3.2 implies that v is open at K. If
g € K, then g is the center of a cubic chart (W;I ,(Dq ,sq) , such that fov is
a monomial with respect to (Wq ,(Dq ,8q) foreach fe 7. If fe 3‘; , then
f=f, forsome f €% . Then (fov) =v/(f). Soallthe v (f), f€F,,
have representatives which are monomials with respect to (Wq ,CDq ,aq). So
(N,K,v) is a desingularization of Fp. This completes the proof of one of
the implications. To prove the other one, let & C C”(M,R) be such that 37,,
has a desingularization for each p. Find a sequence (K, ,J,), (K,,J,), ...
of pairs of compact subsets of A, such that U;’Zl K ;= M, K ;< Int Jj,
and {J :j=1,...} is locally finite. For each K ;»and each p € K, use the
equivalence (i) < (iii) of Lemma 2.4 to find (N;,:0;, SV, ) such that N, , is

a compact manifold, dim N, , = dimM, v, ij — M is C%, v, ,(N; )

contains a neighborhood of p, v, ,(N; ) g IntJj, (Nj’p,ﬁj) is a union of

tori, and F ov; C Mon(N, , 6’). For each j, pick a finite set &, of points

p €K, such that K, S Upep v (N, )
Let N be the dxsjomt sum of all the N, for j € {1,2,...} and p €

5",- If ge N, let j, p69a be such that qu . Then let v(q) =

v; ,(@). Themap v:N — M is C”, and surjective. If L € M is compact,

then L only meets finitely many J;. But L can only intersect v(N ) if
LnJ, # 3. So L only intersects ﬁnltely many sets v(N,; ), p € 9’ So
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I/_I(L) is contained in the union of finitely many N, i D€ 93. Therefore

z/_'(L) is compact. So v is proper. If 6 = {6 =1,2,...;p € 5"}
then (N,6) is a union of tori. Finally, it is clear that Fov C Mon(N 0)
Therefore (N,6,v) is a toric desingularization of .# . To conclude the proof,
we remark that, as indicated before the statement of Theorem 2.1, whenever
a toric desingularization (N,0,v) exists, then it is possible to eliminate the
connected components of N where v does not have full rank, and obtain a
toric desingularization with full rank. 0O

Next we show that, in order to desingularize a finite set of germs at a point,
it suffices to be able to desingularize a single germ. The relevant fact is the
following trivial lemma.

Lemma 3.4. Let f,,f, be C* functions on a cube C'(¢), such that f,f, is a
monomial. Then f, and f, are monomials. ©

Lemma 3.4 implies a similar conclusion for germs. In particular, it follows
that, in order to desingularize a finite set of germs at p, it suffices to desingular-
ize their product. Hence, in order to prove Theorem 2.1, it suffices to show that
every germ of a nontrivial C” function on an (n + 1)-dimensional manifold
M can be desingularized, assuming that Theorem 2.1 holds for manifolds of
dimension < n.

Our next lemma will play a crucial role in the proof of Theorem 2.1, since
it will enable us to show that a germ f is desingularizable provided that there
are pairs v, N such that the pullbacks u;(f) are, in some sense, “simpler” than
f. If the “simplicity” is measured by some integer x(f), in such a way that
K (f) = 0 implies that f is desingularizable, then Lemma 3.5 implies that every
fis desingularizable provided that for every f we can find v such that all the
pullbacks v, *(f) satisfy k(v (f)) < k(f).

Lemma 3.5. Let M be a C* manifold, pe M, fe, ﬁp. Let (N,K,v) be
such that (3.1.a,b,c,d,e) hold, and

(3.1.f) for every q € K , the germ I/;(f) is desingularizable.

Then f is desingularizable.
Proof Using Lemma 3.3 pick, for each ¢ € K, a compact C® manifold

N whose dimension equals dim N, and a C“ map u — N, such that:
(i) ﬁq(ﬁq) contains a neighborhood of ¢, (ii) Dq( N,) g Uq, where U, is a
neighborhood of ¢ such that U, < u_'(V) , where V' is a fixed neighborhood
of p on which a representative f of f is defined, (iii) U p is the domain of a
representative ¢? of u;(f) , (iv) U, is connected, and (v) 9o v, is desingu-
larized.

Since fo (u[Uq) is also a representative of u;(f) , it follows that fo (V[Uq)
and ¢’ coincide on a neighborhood of ¢, and therefore on all of U,, since
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U, is connected. Therefore, the function r — f(17q(r)), from ﬁq to M,
is desingularized. Let € be a finite set of points ¢ € K such that K C
Usee ﬁq(ﬁq). Let N be the disjoint union of the ﬁq, and let :N —» N
be given by v(r) = ﬁq(r) if re ﬁq, q € . Then ﬁ(ﬁ) is a neighborhood
of K, and so v(¥(N )) is a neighborhood of p, because v is open at K. Let
/t:ﬁ — M, u=vov. Then pu is C%, N is compact, ,u(ﬁ) contains a
neighborhood of p, ,u(ﬁ YC V,and fou is desingularized. By Lemma 3.3, f
is desingularizable. O

4. REDUCTION TO THE CASE OF A MONOMIAL DISCRIMINANT

As indicated before, our proof of Theorem 2.1 is by induction on #, and the
cases n =0, n =1 are trivial. We assume, from now on, that the conclusion of
the theorem is true for some 7, and we try to prove it for n+ 1. As remarked
in §3, it is sufficient to prove that every (n + 1)-dimensional real-analytic germ
f is desingularizable. Clearly, it suffices to assume that M = R"! and f is
a germ at 0. After making a linear change of coordinates, we may assume,
by the Weierstrass Preparation Theorem, that f = u-p, where u is such that
u(0) # 0, and p is a distinguished polynomial. If we write R”*' as R” xR,
and use x = (x,,...,x,) for the coordinates of R”, and ¢ for the coordinate
of R, we may assume that p has a representative p, defined on c"! (€), given
by

m
(4.1) px,0)=1"+> p;(x)"",

i=1
where p,,...,p, are C* real-valued functions on C"(¢), such that p (0) =
-+ =p,(0) = 0. Also, we may assume that u has a representative u that is de-
fined on C"*! (¢) and never vanishes. If p is desingularizable, then Lemma 3.3
gives us the existence of (N ,v) with N compact, v: N — C"“(a) ,U(N)DV,
V' aneighborhood of 0, and p desingularized. Then (up)ov is desingularized,
and therefore f is desingularizable. Therefore, in order to prove the desingu-
larizability of f, it suffices to prove that p is desingularizable.

Let @" denote the ring of germs at 0 of real analytic functions on neighbor-
hoods of 0 € R”, and let %" denote the field of quotients of @". We can
regard p as a member of Z"[t], the ring of polynomials in ¢ with coefficients
in Z" . In fact, we have

m .
(4.2) p=1"+) pi""
i=1

where p,,...,p,, arethegermsatOof p,,...,p, . Let g denote the greatest
common divisor of p and p' (where the prime denotes derivative with respect
to t). Then we can write

(4.3) p=a-g
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where a € Z"[t]. Of course, g is only defined up to multiplication by a
nonzero member of %" . However, since &" is a unique factorization domain,
Gauss’ Lemma implies that we can take a and g to have coefficients in @" .
Moreover, since p is monic, we can take a and g to be monic as well.

If .Z" denotes an algebraic closure of %", then p can be expressed as

u

(4.4) p() =[] —2)"

i=1
where 4, ... ,lﬂ are the distinct roots of p, and «, ... ,a L are their multi-
plicities. Then a = Hf.‘:l(t —4;) . Therefore, if o denotes the largest of the «,,
we have a factorization

(4.5) a’ =bp,

where b € #Z"[t]. Again, by Gauss’ Lemma, b has coefficients in @", and is
monic. If we write

H )
(4.6) a=1"+ Zait“_' ,
i=1
P )
(4.7) b=1"+> b,
i=1
m—pu )
(4.8) g=1"""+> g,
i=1

and pick representatives a;,b,, g, of the a,,b,, g, we see that the polynomials
Y a0, T S g (0)" ! divide ™, which shows that
the a,(0) and g;(0) vanish, so that a and g are distinguished polynomials.
Similarly, b is a distinguished polynomial. Since a has simple roots in F" ,
it follows that the discriminant of a does not vanish (as an element of @").

It is clear that, if we desingularize a, then a’ will be desingularized as well.
In view of Lemma 3.4, p will also be desingularized.

Thus we have established that, in order to prove our conclusion in general, it
suffices to prove that every germ p of a distinguished polynomial with a nonzero
discriminant is desingularizable. Moreover, it will be convenient in our proof
to deal with a polynomial p that has zero as a root. So, if p,, # 0, we multiply
p by ¢. Clearly, if we show that fp is desingularizable, Lemma 3.4 shows that
p is.

We now consider a germ at 0, of the form

(4.9) p=0"+ 3 pd",

i=1

where the p; have representatives p,, that are defined on C"(¢), and satisfy
p;(0) = 0. And we assume that the discriminant A of p is a nonzero element
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of @". For x e C'(e ) let A(x) denote the discriminant of the polynomial
t— "+ p (x)t™™". Then A is the germ of A at 0. So the function A
does not vanish identically on C”"(g).

We now apply the inductive hypothesis, and desingularize A. Let (N,v)
be a desingularization of A. Let K = V_I(O). Let N = Nx]—¢,¢[ and let
7:N — C"™'(¢) be the map (¢q,1) — (v(q),t). Then ¥ isa C* map from
N onto C"“(s), and ¥ is proper. Let K = 5_1(0) (i.e., K = K x {0}).
By Observation 2.3, U is open at K. Suppose we prove, for every ¢ € K,

that the germ ﬁg(p) is desingularizable. Then Lemma 3.5 implies that p is

desingularizable. Now, if § € K, then § = (¢,0), g € K, and we can choose
a cubic chart (U,®,J), centered at g, such that Ao &' = A" is a product
Ax", where A € Cw(C"(é),R), A never vanishes, and o € Z . If we let
pf(x) =pi(1/((l>_l(x))) ,pix,0) =t +E,’"l'p# (x){"™", then p”* isa function
on C"*'(8) which is a representative of uq~( p). So we have achieved a further
reduction. We may drop the # superscript (and relabel 6 as &) and assume
that:

(4.1a) pisa C® function on C"*'(¢), of the form
m—1

(4.10) plx,0) ="+ 3 p0)" ",

i=1

(4.Lb) the discriminant A(x) of the polynomial t — p(x,t) is given,
on C"(e) , by
(4.11) A(x) = A(x)x"

where 4 € C“(C"(¢),R), A never vanishes on C"(¢),and a € Z] .
Moreover, if (4.1.a, b) hold, then it is clear that we may make & smaller, if
necessary, and also assume:

(4.1.c) the functions p; , A extend to bounded complex holomorphic
functions pf , A Ci(e) = C, and

(4.1.d) AS never vanishes on Cg(s)

(Recall that C(’:'(e) is the complex polydisc defined by (2.1.b).)
Clearly, if (4.1.a,b,c,d) hold, then p has a holomorphic extension p© to the
complex polydisc C”“( ), and pC is given by

m—1
(4.12) pC(z,w)=w" + Y pf (2w

for ze€ Coe), lwl<e.
Finally, the function

(4.13) Ac(é) = A%(2)z"
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(where z“ = z|"---z") is clearly the discriminant of p©, regarded as a poly-
nomial in w .

5. GLOBAL ROOT FUNCTIONS

We assume that (4.1.a,b,c,d) hold, and we let pC , AC be the functions defined
by (4.12), (4.13). For each i, let

(5.1) H'(e)={(z,,...,2,) € Ci(e): z, = 0}.
Let
(5.2) Z7"(e)=|JH(¢)
i=1
and
(5.3) Q"(e) = Co(e) — 7" (¢).

Then Q"(¢) is an open, connected, dense subset of Cg(s) CIf 2z e Q' e),
then the discriminant AC(Z) of the polynomial pC(z ,*) does not vanish, and
SO pC(z,-) has m distinct complex roots in C (one of which is 0, since the
summation in (4.12) does not contain a term of degree 0 in w). Moreover,
if Z € Q"(¢), then there exist, in some neighborhood U of Z (such that
U C Q"(¢)), m holomorphic functions z — w,(z), i =1,...,m, such that
pC(z,wl.(z)) =0for zeU, i=1,...,m,and w,(z) # wj(z) for ze U,
i#j.If y:[0,1] — Q"(¢) is a continuous curve such that y(0) = y(1) = Z,
then one can define continuous functions {:[0, 1] — C such that {,(0) = w,(Z)
and pc(y(t),ci(t)) =0 for 0 <t < 1. The functions {, are unique. Each
number {,(1) is a root of pC(2,~). Hence y induces a permutation m, of the
set {1,...,m}, such that {,(1)= wnr(i)(f).

Let k& be an even integer > 0 such that

(5.4) 7 = identity
for all curves y. (For instance, we may take k =2 if m =1, and k = m! if
m>1) Let 6 =¢"* and let F:C((8) — C((e) be the map
k k

(5.5) F(&,.... )= ,....¢).
Then F is holomorphic and onto. Moreover, F is proper. If we let F denote
the restriction of F to Q"(d), then F maps Q"(5) onto Q"(¢), and F isa
covering map, the cardinality of each fiber being k" .

Let £ =(&,,...,¢,) € Cg(é). We define p'ic(é), for i=1,..., m—1,by
ﬁl.c(f) = piC(F(f)). For w € C, we define

m—1 )
(5.6) P w)y=w"+ Y pEw"

i=1
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Also, we let A(&) = AS(F(&)), AS(€) = AS(F (&), i.e.
(5.7) AS@) = A“@)E".

Naturally, AC(.;‘) is the discriminant of the polynomial ﬁc(f ,) -
If we now take a & € Q"(d), then there exist m holomorphic functions
w,,...,w, on some neighborhood U of F({), such that w,(z) # w,(2)

whenever z€ U, i # j and p(z,w,(2)) =0 forall ie{l,...,m}, z€U.
If we let W, = w; o F, then ®,,...,w, are m holomorphic functions on

a neighborhood V of &, such that w;(§) # wj(c) for i # j, £ €V, and
PO W) =0for i=1,...,m, E€V.

We now fixa & € Q"(d), and a connected neighborhood V of E on which
aset 77 of m functions W, as above exists. We choose a particular way of
labelling the functions in 77" as &,, ..., W, , and keep it fixed from now on.

If £" is an arbitrary point in Q"(d), then we can choose a curve y:[0, 1] —

v

Q"(d) such that y(0) =¢&, y(1) =¢&". We can then continue the functions ,
along y, and define functions {; = [0, 1] — C such that {,(0) = w,.(Z) and, if
7€ [0, 1], then there is a neighborhood U of y(Z) and a holomorphic function
w;:U — C such that ﬁc(é,u')l.(é)) =0 for { € U, and w,;(y(t)) = {,(¢) for ¢
in a neighborhood of 7. We claim that

51) the ordered sequence (¢, (1), ..., ¢,(1)) does not depend on which
curve y from & to & is chosen.

To see this, first observe that every such curve y is homotopic (with fixed
endpoints) to a curve 7 which is the concatenation of n curves 7,,...,7,,
that satisfy:

7, isacurvein Q"(8) along which only the coordinate &, varies,

I . .
(5.I) while &\, ....&_,, &, ---,&, remain constant.

Hence it suffices to prove that, if é? y een ,ég are complex numbers in {z:0 <
|z| < 6}, w,,...,w, are holomorphic functions on a neighborhood U of

& =&, ....&), such that (&) # ;&) for i #j, E€ U, pO¢&,w, (&) =
0, A:[0,1] —» {z:0 < |z| < &} is a curve such that A(0) = é?, and A":[0,1] —
Cc(d) is given by A°(1) = (é?, ,{,0_1 ,A(t),é,OH R ,fg) , then the numbers
¢,(1), obtained by analytically continuing the functions ; along A", depend
only on A(1), but not on how A is chosen. To see this, it suffices to show that,
for each fixed {? - ,élo_l , éIOH R ,62 , the functions

. 40 0 0 0
N (SN N ST S TR S
that are clearly well defined locally on {z:0 < |z| < §}, can actually be defined
globally. And this will follow if we show that, if f:[0,1] — {z:0 < |z| < &}
is a circle, centered at 0, and oriented counterclockwise, #* is defined like A*
above, and 7:[0, 1] — C is a continuous function such that p(8*(t),n(t)) =0
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for ¢ € [0,1], then (1) = n(0). But, if f is such a circle, then F o f” is
a curve which is obtained from some closed curve y by iterating y k times.
If we continue the m roots of p(F(B*(0)),w) = 0 along 7y, then we obtain
a permutation T, of the roots. Continuation along F o 8* therefore induces

the permutation nf, i.e. the identity. Therefore 5(1) = 5(0), as stated. This
completes the proof of (5.1).

In view of (5.1), we have m globally defined holomorphic functions o, ...,
w,, on Q'(4), such that w,(&) # w,(§) whenever i # j, & € Q"(d), and

m
P&, w,(¢) =0 for £ € Q"(d), i =1,...,m. Since the p_ are bounded
(by (4.1.c)), it is clear that the ﬁl.c are bounded. But then the w, are bounded
as well. So the w, extend to complex holomorphic functions on the whole
polydisc Cg(é) . From now on, we use o, to denote the extended functions.
If &€ € Q"(J), then the polynomial ﬁc(é ,*) has m distinct roots w, (), ...,
w,, (). Since ﬁc(é ,+) 1s monic, we have the identity

m

(5.8) P&, w) = [J(w - w,©)).

i=1
Both sides are holomorphic functions of &, w in Cg(é )xC. Therefore identity
(5.8) holds on C((6) x C.

We now let S denote the set of all sequences ¢ = (a,,...,0,), g, =1 or
g,=-1,i=1,...,n. Then S has 2" elements. For each o, we can define
amap @°:Cyp(d)x] —¢,e[— Cp'' (¢) by letting

k k
(5.9) D (s Yy ) =0V o0, 0).

The maps @’ are proper and of class C*. Each ®° maps Cg(d)x]—¢,¢€[
onto Cgp’(e)x]—¢,¢], where Cgp'’(¢) is the “orthant”

{(x;,...,x,): 0<0x,<efori=1,...,n}
(Recall that k is even.)
Let M be the disjoint union of 2" copies M of Cﬁ(d)x] —¢&,¢[, one for
each g € S. Define a map &: M — C;“(s) by letting ® = ®” on M_ . Then

& is proper and surjective. Moreover, CD"I(O) consists of 2" points 0,,0€8,
where 0, is the origin of M_, when m_ is identified with C{{((F)x] —&,¢.

Each map ®_ factors via G, where G is the map (§,,....¢,,w) —
(F(,,...,&,),w), from CA(8) x Cle) to Cotl(e).
In fact, if we choose, for a particular ¢ = (o, ...,0,), complex numbers
,, ...,w, such that
k .
(5.10) w;, =0, fori=1,...,n,
and let

(5.11) W0y yn ) =(@p), .0, @,9,,1),
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then y, maps M, into Cg(d) x Ca(e), and
(5.12) ' =Goy,.
We then have
P’ (v, 1) =p(@(y,1) = p°(G(yw,(v.1))

(5.13) . m-1 »
=W, . 0) ="+ Y I )"
i=1
where
(5.14) P’ =pod’,
k k
P{(ys sy =pO),...,0,)
(5.15) i
=D; (wlyl 5 e ,Cl)ny")-
Also A

m
(5.16) p (y,0) =H(t—w,. )

i1
where
(5.17) w; (y) =Wy, ,...,w,¥,)

Finally, if we let A’(y) denote the discriminant of p°(y,-), it is clear that
£C
Aa(y) =A (wlyl PR ’wnyn)
(5.18) = fic(wlyI s ,a)nyn)wk"yk“
= A"y,

where A°(y) = AS(w,y,, ..., w,y,)o".

If we let K = <I>_'(0) , then Lemma 3.5 tells us that the germ of p at O can
be desingularized if the germ of p o ® at ¢ can be desingularized for each ¢
in K, i.e. if the germ of p’ at 0 can be desingularized for each . If we
now drop the o, restrict outselves to the cube C;”(E) , where & = min(e,d),
relabel m — 1 as m, ka as o and € as ¢, and change the names of the Y,
to x;, we arrive at the following situation (remembering that one of our root
functions w; was the zero function):

(5.1ILa) p:Cy*™'(e) — R is a distinguished polynomial of the form

(5.19) " p (0" 4 p, (X)L,
where p,,...,p, are real analytic functions on C;(a) , that satisfy p,(0) =
- =p,(0)=0,

(5.IILb) the discriminant A(x) of p(x,-) is of the form
(5.20) A(x) = A(x)x"
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for some o € Z: and some nowhere vanishing real-analytic function A:
C"(e) - R,

(5.11L.c) there exist m complex-valued real-analytic functions w,, ... ,w, on
Cgle), such that

(5.21) px,0)=t]J(r—w,(x
i=1

for xe C"(e), te]l—¢,¢l.

We have shown so far that, if we prove that we can desingularize the germ at 0
of every p for which (5.1IL.a,b,c) above hold, then the general desingularization
theorem follows.

6. PROPERTIES OF THE GLOBAL ROOT CASE

We now begin the last part of our proof, in which we study a p for which
(5.I11.a,b,c) hold, and prove that the germ at 0 of such a p can be desingularized.

The main point of the argument is that conditions (5.1II.a,b,c) have strong
consequences about the root functions w,, and imply in particular that the w;,
themselves must be desingularized. To see this, recall that, if P is a monic
polynomial of degree u, with roots 4,,...,4 0 then the discriminant A of P
satisfies

(6.1) A=T]4 -4
i#]

If we apply this to our situation, with w, ,...,w, Dbeing the functions of
(5.21), and wO = 0, we see that all the dlﬂ‘erences w - w; i=0,...,m,
j=0,...,m, i # j, divide A. In particular, the funcuons W, W
themselves d1v1de A, because w; = w, — w,.

We will want to consider a slightly more general situation; namely:

(6.1.a) fis a real-analytic real-valued function on C nl (e),

(6Ib) A€Z,, ueZl, a€l],

(6.1.c) g is a real-analytic real-valued function on C"(g),

(6.1.d) w,,...,w,, are real-analytic, complex-valued functions on C"(e),
such that w; and w, —w; do not vanish identically on C'e) ifi#j,i,j€
{1,...,m},

(6.Le) A:C"(¢) » R and B:C"*'(e) — R are real-analytic nowhere vanish-
ing functions.

(6.1.f) f(x,1) = B(x,)'x “TIE (= w,(x)) for x = (x;,...,x,) € C"(e),
te]l—e,¢l,

(6.1.g) g(x) = A(x)x" for x € C"(¢), and

(6.L.h) the functions w,...,w, and all the differences w, —w;, i,j €
{1,...,m}, i#],divideg.

m

m
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We will prove

Lemma 6.1. Whenever (6.1.a,..., h) hold, then the germ of f at 0 can be desin-
gularized.

This will in particular imply our conclusion because, if wetake f=p, A=1,
u=0, B=1, g=A, then conditions (6.L.a,..., h) are clearly satisfied, and
so the germ of p at 0 will turn out to be desingularizable.

To prove Lemma 6.1, we will use induction on |a|. If |a| = 0, then the
functions w; must satisfy w,(0) # 0. Hence, if we pick a small enough ¢ >0,
the function

(6.2) B(x,t) = B(x,t)ﬁ(t —w,(x))
i=1

never vanishes on C "“(6) . Therefore
(6.3) fx,t) = B(x,n)'x* on C™'(8)

with B never vanishing. Hence f is desingularized.

Now suppose that

(6.I1) k € Z_ is such that, whenever a system of datae, f,A, 0,8 SW s ey
w, ,A,B satisfy (6.1.a,..., h)and |a| < k, then the germ of f at O is desin-
gularizable.

Assuming that (6.II) holds, we now pick a system of data e, f,A,u,
a@,g,w,,...,w,,A,B for which (6.1.a,..., h) hold and |a| = k + 1, and
we prove that the germ of f at 0 can be desingularized. We begin with some
preliminary steps.

(6.III) If i € {1, ... ,m} and w, is not real-valued, then the complex conju-
gate function w; is one of the w It

To see this, notice that (6.1.d) implies, in particular, that there is a nonempty
open set U C C"(e) such that w;(x) # w(x) forall j#1/, xe U. Since f
and B are real valued, it follows that the pelynomial function

t— It - w;(x)
j=1

is real valued for each x € U. This polynomial has m distinct roots w,(x),
oo ,w, (x). Pick an x° € U such that w,.(xo) ¢ R. (If x° did not exist,
then w; would be real-valued on U, and hence on C"(¢), contradicting our

assumptions.) Then there is a j, such that wi(xo) =w jo(xo) , because the

nonreal roots of a real polynomial are conjugate in pairs. For x near x° , there
isa j(x) such that wj(x)(x) = w,(x) . By continuity, j(x) must equal j, for

X near xo, and so w jo(x) = w,(x) for x in some nonempty open subset of
C"(¢) . By continuity, w, =W, on C"(¢), and (6.111) is proved.
(6.1V) We may assume, in addition, that w,(0)=0 for i=1,... ,m.
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Indeed, let 7 = {i:1 < i < m, w,(0) # 0}. Clearly, if I contains an i
such that w; is not real valued, then it also contains a j such that w; = =w,
Therefore the product

(6.4) B(x,1)=B(x,0) [](t - w,(x))

iel
is real valued. By taking & smaller, if necessary, we may assume that E(x 1) #
0 forall (x,t)e C"*'(¢). Then
(6.5) fe,0) = Blx 06 x" [T (1 = w,(x)),

igl
which is exactly of the same form as the original expression for f, except that
the product only involves functions w, for which w,(0) =

Each w, is of the form w,(x) = Dl.(x)xﬂ“) , where D:C"(g) —

(6.V) C is a nowhere vanishing real-analytic function, and B(i) =
(B(i),» ..., B(i),) isa multi-index in Z', .
This is just a consequence of Lemma 3.4.
Ify=(@,,....7,), d=(d,...,d,) are multi-indices in Z , then we write
y<oif y,<4,,...,7,<9,.

(6.VI) Forevery i, j , one of the inequalities B(i) < B(j), B(J) < B(i)
holds.
To see this, we may assume that / # j . Since the difference w; —w, divides g,
then w,—w, = E(x)x” for some nowhere vanishing £ and some y € Z . The
Taylor series ), rl';x" of w, at 0 is such that rli =0 unless (i) <v. Also,
the series Y, rj x" of w, satisfies rj =0 unless v > B(j). Then the series
2P, x” of w, - w,; is given by p, = r —r , which shows that p =0 unless
v satisfies at least one of the mequahtles v > B(i), v 2 B(j). But p, #0.
Hence y > p(i) or V2 BUJ). On the other hand, p, = 0 unless v > y. If
B(i) # B(j), then rﬂ. =0 and r iy # 0,50 pp #0. But then (i) >y
If B(i) # B(j), then it follows 51m11arly that B(j ) > y. Since y > f(i) or
7> BUj), we get, if B(i) £ B(j), B(i) # B(J), that either y > B(i), in which
case f(i) >y and B(j ) >y imply f(j) > ﬂ( ), or y > B(j), in which case
B(i) > y and B(j) > y imply B(i) > B(j). In either case, we have reached
a contradiction, showing that (i) £ B(j) and B(i) # B(j) cannot both hold.
This establishes (6.VI).

We now group the indices / into equivalence classes E|, ..., E , by letting
two indices i, be equivalent if B(i) = B(j). (It may happen that r = 1.) We
let E(E,) be the multi-index S(/) that corresponds to all the i € E,. After
relabelling the E,, we may assume that

0< B(E,) < B(E,) <--- < B(E,).
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Here “y < 0” means “y < J but “y # 6”. The inequality 0 < ﬁ(E]) follows
from the fact that all the w, vanish at 0.

Since ﬁ(E ;) > 0, at least one of the components of the multi-index /} (E,) is

# 0. After relabelling the coordinates x, ..., X, , if necessary, we may assume
that the first component of B(E,) is # 0. Hence, if we write
(6.7) BE)=0"),70), YDez,,ihez ",
then we have
(6.8) 0<y"(1) < y*(z)g R YAGH
(6.9) 0<7(1)<7(2) < <7(r),
and, for / = 1,...,r — 1, at least one of the inequalities y*(/) < y*(I + 1),
() < F(I + 1) is strict.
Write
(6.10.2) p=(u,d), meZ,, i€z
(6.10.b) a=(a,d), a€Z 6 ael
(6.10.¢) X =(x,,X), X=(xy,...,X,).

Then f, g have the expressions

a. -‘a

,
X ) =5
(6.11) f(x,,%,1) = B(x,,%,0)f' x!" HH D,(x,,% f() iy
=1 i€k,
X)x,

(6.12) g(x,,X)=A(x,
for e C" '(e), x| <e, |t|<e.

7. THE BLOWUPS

We now want to blou up the origin of the (¢,x,) plane. We will not need
the general theory of blowups, which can be found in any algebraic geometry
textbook, but only the two-dimensional case. On the other hand, we have to
be precise about the local description of the blowups using coordinates, so we
begin by reviewing the standard definition and introducing some notations.

We use P, to denote one-dimensional real projective space, and L to denote
the canonical line bundle over P, so P, is the set of all lines through the
origin in R’ and the fiber of L at a point L € P, is the line L itself. We
let P‘l’ , Pll7 denote, respectively, the set of lines other than the x (resp. y)
axis. If L € P‘: , then &(L) is the unique number x such that (x,1) € L.
Similarly, if L € P’,’ , then n(L) is the unique y such that (1,y) € L. Clearly,
(P‘l' ,¢) and (Pll’ ,1) are coordinate patches covering P , and ¢,# are related
by &(L) = 1/n(L) on P‘lz al P[l’. If n:L — P, is the projection, then we let
L =2"'P)), L' =27'(P)). If (p,L) € L?, ie. p €L e P!, then we
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let p,(p,L) be the y coordinate of p, and {(p,L) =¢(L). So (£,p,) isa
coordinate chart on L%, that identifies L* with R>. One defines pb:Lb — R’
similarly, and then the formulae relating the two charts on LN L’ are

(7.1) Sn=1,  p,=pn,  Pp=rL8

We let F:L — R’ be the map (p,L) — p. Then F is a proper C“ map
which is a diffecomorphism from the complement of the zero section of L onto
R’ - {0}, and maps the zero section—which is diffeomorphic to P, i.e. to a

circle—to the origin of R’. In coordinates, F is given by

(7.2) x=pg, y=p, onL’,

(7.3) y=pun, X =p, on L.
Now let

(7.4) L(e) = F'(C*(e)), F,=F[L(e).

Then F, is proper, and FE_I(O) = F'(0). Welet L%(e) = L(¢) nL? and
L’(¢) = L(e) NL’. Then L°(¢) is the subset of L® characterized, in terms of
the coordinates (¢, p,), by the inequalities
(7.5) lpl<e, pdl<e.

Similarly, L’z’(a) is characterized by [p,| < ¢, [pyn]| <e.
We now identify C"+l(£) with Cz(s) x C""'(¢) by means of the map
(x,0) = ((t,x,),%).

We then define
®:Le) x C"'(e) — C"(e)

by

(7.6) ®((p,L),X)=(F,(p,L),X).

In coordinates, the map @ is given by

(7.7.a) (CopysXys oo X)) = (PE3 Py X5 -5 X))
on L%e) x C""'(¢), and

(7.7.b) (M2 PpsXys oo s X)) = (Pys Pyl Xgs v s X))

on L’z’(s) x C" ! (e).

Let M = L(e) x C""'(¢). We have defined a C“ map from M onto
C"*'(¢), which is proper and surjective. If we let K = F~'(0) x {0}, then
K = ® '(0). In view of Lemma 2.6, it will follow that the germ of f at 0 is
desingularizable, if we prove that, for each point p of K, the germ of fo®
at p is desingularizable.
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Let f = fo®. We write the expression of f on L‘z'(a) X C”_'(s) , In terms
of the coordinates &,p,,x,, ...,x,. Let B=Bo®. Then we get

(1.8)  J€.0,.%) = BE. 0. 219, EF T [1 (08 ~ Ditog, 01y 57,

I=1Ii€E,
Using this, we prove that, if p is a point in K, then the germ of f at pis
desingularizable. We treat separately the cases:
(A) peLi(e)x C"\(e),
(B) pe L(e)x C""'(e).
We treat case (A) first. Let the £, p, coordinates of p equal éo , pg , respec-

tively. Then pg must be equal to zero. Since all the y*(/) are strictly greater
than zero, we may factor p, from each factor in the product that appears in
(7.8), and get (with (/) =y*([) - 1):

(1.9) J€.p, %) = B0, R0y EF T TIC - Do, 20" F ).

=1 i€E,
Let us distinguish the subcases:
(A1) (1) >0 or #(1) >0,
(A2) (1) =0 and y(1)=0.
We consider (Al) first. In this subcase, we distinguish two sub-subcases,
namely:

(Ala) & #0,
(Alb) 2 =0.
In sub-subcase (Ala), the function

(710) H(é’pa’ ) épa, HH é D pa’ )pt};(l)-‘)'(l))
=1 i€E,

has the value
(7.11) B(&°,0,0)E""

at (60,0,0) , 1.e. H does not vanish at p. Therefore, in a neighborhood of
p, f is equal to the product of the nowhere vanishing function H, and the
monomial p'"““‘ ' ¥ _ Therefore the germ of f at p is desmgularlzed

We next consider sub-subcase (Alb), i.e. we assume that é = 0. Pick
ie{l,...,m},andlet i€ E,. Let

# " 7( &
(7.12) w; (pa,x)=Di(pa, )pa .
- # -
Then w,(p,,X) = p,w;(p,,X). Let us define

(7.13) g'(p,. %) = A(p, . X)p) ' 2",
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(Notice that «, > 1, because the w, divide g and therefore y"(1) < «;.)
Then, in a neighborhood of (0,0,0), f(&,p ,»X) has the expression

(7.14) @& p, %) =B, p,. %) ”'"““é““HHé wi(p, %)),

I=1i€E,

where the functions wf vanish at 0, and the 'wf and wf - wf divide g#.
That is, f satisfies the same conditions as [, except that (a,,...,q,) is
replaced by (a; — 1,0a,,...,a,). By the inductive hypothesis, the germ of
f is desingularizable at 0. This complete the consideration of sub-subcases
(Ala,b), and therefore of subcase (Al).

We now consider the remaining subcase of case (A), namely subcase (A2).
That is, we now assume that y(1) =0, 7(1) = 0, i.e. that the index E(El) is
just (1,0, ...,0). In this subcase, the expression for f on L(e) x C"'(e)

becomes (in terms of the coordinates £, p,,x,,...,X,):

7€, 0 = BE.p, 000, " €S| T - D,(p,. )

i€E,
r ~
Tl Pl
<[ TTTI - Dp, 210"
=2 i€E,

We distinguish three sub-subcases, namely

(A2a) & =0,

(A2b) &°#0 and &° # D,(0,0) forall i€ E,,

(A2c) 0#¢&°=D,(0,0) for some i€ E, .

Sub-subcase (A2a) is essentially identical to sub-subcase (Alb). In a neighbor-
hood of (0,0,0), the product HIGE ((-D,(p,,X)) does not vanish. Therefore,

if we let B equal B times this product, we have
; o o A gk T - ) 7D
(7.15) F(&.p,. %)= B'E.p, . D)ol " M EF [ T1€ - Do, . £l 3.
1=2 i€E,
Now 7(2) >0 or 7(2) > 0. If we let w?(pa,fc’) be defined, for i€ E,, [ >
2, by Formula (7.12), then the functions wf vanish at 0, and the wf , wf - wf
divide g# (where g" is defined by (7.13)). Moreover:

(7.16)  [(&,p,. %) =B"&,p,, )" MEFT] TI € - wf(p,, %))
=2 i€E,

By the inductive hypothesis, the germ of f at (0,0,0) is desingularizable.
Next we turn to sub-subcase (A2b). In this case, if we let

(7.17) B(&,p,, %)= B(E&,p,, %) HH@ D(p, . 5)p 7 7y

=1 I€E,
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then B does not vanish in a neighborhood of (éo 0,0). Therefore

(7.18) f&.p,, %) =BE,p,,2)p"H =E

near (50,0,0), with B not vanishing. Then the germ of f at p is desingu-
larized.
Next we dispose of sub-subcase (A2c¢). We let E° denote the subset of E |

that consists of those indices i/ for which D,(0,0) = éo. If we let
~ o . o A o () 25
(7.19) B¢,p,, %) =B, p,. 5 [[€-D,(p,. %)),
i€E

where E* = (E, —EO)UE2U~ ~-UE,, then B does not vanish in a neighborhood

v,

of (60,0,0). The function f has, near (60 0,0), the expression
(7.20) J(&. 0, %) =B, p, . %)p, ™" 7 [] € - D,(p,, %)

IEEO

Assume first that one of the functions D,, i e E° , 1s real valued. Pick an i
for which this happens, and call it i . The map

(7°21) (€>pa’£)_)(é—D[O(paa)?)’pa’f)

is nonsingular at _(éO,O,O) and maps (éo 0,0) to (0,0,0). If we use 0 for
the new coordinate ¢ — D, (p .»X), then f can be expressed, in terms of the
(0,p,,X) coordinates as

76,p,,%) =B(0,p,,%)p,"" " 50 ] (6 - D,(p,.%))

i€E°

i#i°
where, for i € EO, i # i° , we define
(7.22) D(p,.%) = D,(p,, %) - D, (p,%).

If i € E°, the function p,D,(p,,X) is equal to w,, because we are assuming
that B(E ) = (1 0,...,0). Hence p,D, is equal to w, —w, . So, if i # iy,
and we define g* asin (7 13), we find that paD,(p ,X) d1v1des g(p,,X),and
therefore D divides g . Similarly, paD -p, D equals w; —w, .So,if i#]j,
leE , J GEO then paD paD divides g, and therefore D D divides
g Finally, since all the D,(0,0) have the value & for ie E° , it is clear that
the D, vanish at 0. This show that, in a neighborhood of (é ,0,0), f satisfies
the same conditions as f, but with o replaced by (@, = 1,0, ... ,a,). Then,
by the inductive hypothesis, the germ of f at (fo 0,0) can be desingularized.

We now assume that none of the functions D, ie E°, is real valued. Pick
an i, € E°. Then w, (p ,X) = paDlo(pa,x) We know that the conjugate W,
is one of the functlons w,. Let w, =w, . Then w, = /’aD..(Pa’X) where
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D, =D, . Clearly, i, isalsoin E,,and D, (0,0) =¢", showing that i, € E°.
Since no difference w,—w S L#ET, vanishes identically, the index i, is unique.
Since the D,, i € E° , are not real, we have i, # ;.

Therefore we can partition E° into a disjoint union of pairs {i,j}, i #J,
such that D ;= Fl Form a set Eg by picking one index i from each such
pair. We can then rewrite Formula (7.20) as follows:

- - ~ o Atmtpy o S —_—
(7.23) f(&.p,. %)= B(&,p,, X)p, "™ [[ €& -Dy(p,, )&~ D,(p,, X))l
i€E]
Since all the functions w,, w; — w, divide g, it follows that, for i,j € Eo,
the functions D, ~D,, D, - 51. divide g*. Foreach i€ Eg, write

(7.24) D(p,. %) = a,(p,. %) + V=1b(p,. %),
where the a;,b, are real-valued functions. Then the a,,b; satisfy
(7.25) a,(0,00=¢"#0,  5,0,0)=0.

For each i € Eg, the function D, — 5, divides g# , and therefore it is,
by Lemma 3.1, a product of a monomial times a nowhere vanishing function.
Therefore we can write (using y for (p,,X)):

(7.26) by(y) = b,(y)y""

for some ((i) € Z:'L, and some function Ei which is C”, real valued and
nowhere vanishing near 0.

Of all the multi-indices {(i) defined in this fashion, choose a {(i;) which is
maximal, i.e. such that, for every i € Eg, it is not the case that {(i) > {(i,).
We claim that
the functions D, —a, , D, ~a, , i€ Eg , divide g°, ina
neighborhood of (0,0).

To prove this, observe first that the conclusion is trivial if i = i, for in this
case D, — a; is just \/—_lbl.o , which we know divides g# . Now let i # i,. The
functions D, — DiO s 510 - D,.O divide g# , and so does their difference D, —5,.0 .
Therefore, by a reasoning identical to the one used to prove (6.VI), we can write

(7.1)

(7.27) D D, =0y",
(7.28) D, -D, =Ry

for some nonvanishing Q,, R and multi-indices 7(i), o that satisfy, moreover,
the condition that either 5(i) > ¢ or n(i) < g. The function R must then be

~2y/=Tb, ,and o has to be {(iy). Now
D,—a_ =D, -D, +V-1b
0 0 1o

(7.29) o e
- Q,'yl( ) + \/___lbioys(o).
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Since {(i;) = g, one of the following occurs: (1) {(iy) > n(i), (2) {(i,) <
n(i), (3) {(iy) = n(i). If (1) holds then

(7:39) D,~a, =10, + 0"
If (2) holds, then
(731) Di —aio = [\/—lgio +Oly|]yC(’0)

So, in either case, D, - a; is equal to a nonvanishing function times a mono-
mial that divides g#. (That the monomials y"(i) , y‘:("’) divide g* follows from
(7.27), (7.28), {(iy) = o, and the fact that D, — D, , 5:‘0 -D, divide g#.)

If (3) holds, then
7y, L)
(7.32) D,—a, =(Q;+V=1b, )y~

If we write Q, = q,.l +v- lqi2 , with qil , ql.2 real, and equate imaginary parts in
(7.32), we find

(7.33) b= (g, +b,)y*"™.

If we compare this with the expression

(7.34) b= by

and use 5,.(0) # 0, we conclude that {(i;) < {(i). By the maximality of {(i,),
we then have ((i) = {(i,). But then b, = q,.2 + bio. In particular, this implies
that (q; +5,)(0) # 0. We then rewrite (7.32) as

(7.35) D,-a, =0y"",

where 0, =g, +v=1(g; +b,) . Since (g, +b, )(0) # 0, it follows that Q,(0) #
0. But then D, - a; divides g#.
This completes the proof that the D, -a,; divide g# . The proof that 5,. -a;

« e # .
divides g" is exactly the same.
Having proved (7.I), we now state the much easier fact that

(7.11) any difference of two distinct functions D, — a; . 5,. —-a, ., 1€
Eg , divides g* near 0.
This is so because any such difference is of the form D, — D , or D, — D IB

and we already know that these differences divide g# .
We now let

(7.36) W,=D,-a,

1

forall i e E°. (It is now convenient to return to the labelling by E° , rather
than Eg .) Also, we make the change of coordinates

(éspa ’)-C.) - (é—aio(pa ’X‘)’pa ,f),
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which is nonsingular, and use 8 for the new coordinate & -a,(p, ,X) and f , B

for the functions f ,E expressed in terms of 6, p ,X. Then the expression
of f in the new coordinates is

(7.37) 10,p,.%)=B(8,p,, %)p. " M7 T] (6 - w,(p,, %)
I€EE0

Since the w, and their differences w, — w ; divide g", we can apply the
inductive hypothesis and conclude, once again, that the germ of fo® at p can
be desingularized.

This concludes the discussion of all the subcases of case (A). We now consider
case (B). In this case, the expression f of fo® in the coordinates (7, Py X)
is

f(n,pb,f)=l?(n Py K)oyt 2
(7.38) e
< TTTL(0s - Ditogn D00) ' 5)
/= IIGE,
1.€.
fn.p,. %)= B(n,p,, 2o, "t 5
(7.39)

1) S5
XHH (1= D,(pyn, D)oLy D270,

=1 I€E,

The point p has coordinates (no , pg ,0), and pg clearly equals 0. If 770 #0,
then p € L‘z'(a) X C""'(a) as well, and we already know from case (A) that the
germ of fod at p can be desingularized. So we need only worry about the
case when nO = 0. But, in that case when the product that appears in (7.39)
cannot vanish near p, due to the fact that y*(/) > 0. Hence f, near p, i
the product of a nonvanshing function times p“” 2ty A and therefore the
germ of fo® at p is desingularized.

This completes the consideration of the last remaining case. The proof of
the weak desingularization theorem is now complete. O

8. SUBANALYTIC SETS

We now describe how the weak desingularization theorem can be used to
prove the basic facts about subanalytic sets.

Let M be a real analytic manifold, and let S be a subset of M . We say
that S is semianalytic in M (and write S € SMAN(M)) if every p e M
has a neighborhood U such that there exists a finite set .# of real-valued C*
functions on U with the property that S N U belongs to the algebra % (F)
of subsets of U generated by the sets {x:f(x) = 0}, {x:f(x) >0}, f €
S . A subanalytic subset of M 1is a subset S such that there exists a triple
(N,T,$) that satisfies: (i) N isa C® manifold, (ii) T € SMAN(N), (iii)
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¢ € C“(N,M), (iv) ¢ is proper on the closure of T, and (v) ¢(T)=S. We
use SBAN(M) to denote the class of all subanalytic subsets of M .

Let S€ SMAN(M). For each p € M we can choose a neighborhood U,
of p and a finite subset ¥ (p) of Cw(Up ,R) such that SNU, € ZB(F (p)) .

We can then choose a toric desingularization (Np , Bp V) of # (p), such that

v, has full rank. If Q is a connected component of N, identify Q with T"

via Gp. Let £, be the partition of S' into the four sets {6:0 < 0 < &},
{6:m < 6 <2n}, {0} and {n}. Let P be the partition of T" into 4" sets,
whose elements are the products I} x ---x 1, , I, € P, . Let £ (Q) be the
partition of Q obtained from &, via 6,. If Z € &, (Q), then every sine
monomial on (N, ,Hp) either vanishes identically or nowhere on Z . Hence
all the sets v (Z), Z € #,(Q), Q€ g (N,), are either entirely contained in
or disjoint from every set {x:x € Up,f(x) =0}, {x:x € Up,f(x) > 0},
for every f € # (p). Therefore every set in % (F (p)) is the union of those
sets I/p(Z ) that intersect it. In particular, this is true for .S. By an obvious
paracompactness argument, it follows that S is a locally finite union of sets of
the form v(Z), for some Z € &, , and some v € C*(T", M). Equivalently,
S is a locally finite union of cubic images, where a cubic image is a set of the
form h(C™(1)), for some m € Z, and some h € C*(C™(1+¢), M), for some
& > 0. Moreover, if we call a cubic image h(C'"(l)) an m-cubic image, we see
that S is a locally finite union of sets S ; that are m j-cubic images for integers
m; such that m; < dim M .

Since all the maps v can be taken to be of full rank, we see that the m i
can be taken to be strictly less than dim M , if S has empty interior. Since an
m-cubic image is an m'-cubic image for any m’' > m, we have shown that

every S € SMAN(M) is a locally finite union of n-cubic images
(a) (where n = dim M) , and of (n—1)-cubic images if S has empty
interior.

Since subanalytic sets are, by definition, proper images of subanalytic sets, a
conclusion similar to (a) is also true for them, except that, for S € SBAN(M),
S=f(T), Te SMAN(N), f € C”(N,M), f proper on the closure of T,
the number n might have to be replaced by dim 77 which may, in principle, be
much higher than dim M . One can easily show, however, that is not the case.
In fact, if we define the dimension of a subset A of a C” manifold M to be
the largest of the dimensions of all connected C” submanifolds B of M such
that B C A, then we have

(b) if S€ SBAN(M), and dimS = k , then S is a locally finite
union of k-cubic images.
To see this, it suffices to prove that, if f € C*(C™(1 +¢),M) and df has
rank < m everywhere, then f(C™(1)) is a finite union of (m— 1)-cubic images.

This will follow from (a), if we find a semianalytic subset 4 of C”(1+¢) such
that A(ANC™ (1)) = h(C™(1)), and A has empty interiorin C™(1+¢). To find
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A, let u = max{rankdf(p):p € C"(1+¢)}, and pick a p € C"(1) where df
has rank u. Constructa C“ function ¢:R”™ — R which vanishes on C™ (1),
is strictly positive on C™(1), and is such that F = (f,¢) has rank u+ 1 at
D.

Welet A= {x:x € C"(1), rankdF(x) < u+1}. Then A is semianalytic in
C™(1 + ¢) and has empty interior. If x € C”(1), then either rankdf(x) < u,
in which case x € 4, or rankdf(x) = u, in which case we can let L(x) denote
the leaf through x of the foliation induced by the submersion f on the open
set Q= {y:yeC"(1), rankdf(y) = u}.

If a =sup{¢(y):y € L(x)}, and {xj.} is a sequence of points of L(x) such
that ¢(xj) — «a, we can pass to a subsequence and assume that x; — x',

x' € ClosC™(1). Then a = ¢(x'). Since a > ¢(x) > 0, it follows that
x'e (). If x' € L(x), then x’ is a maximum of the restriction of ¢ to
L(x), so that d¢(x') is a linear combination of the df,.(x') , where the f; are
the components of f. But then rankdF(x')=pu,and x' € 4. If x' ¢ L(x),
then x' € A. So, in all cases, there is an x' € A such that A(x') = h(x).
Therefore h(A4) = h(C™(1)). So (b) is proved.

In particular, (b) implies that every locally finite union of subanalytic subsets
of M issubanalytic. If S, = f(T,), T,€ SMAN(N,), i =1,2,then § NS, =
g(Z),where Z C N, x N, isgivenby Z = (T, x T,)n{(x,y): f,(x) = L,(I)},
and g(x,y) = f,(x). So SBAN(M) is also closed under finite intersections.

It also follows from (b) that a one-dimensional S € SBAN(M) is a locally
fintie union of sets A, = {h(1):0 <t < 1}, h € C*(~¢,1 +¢),M). In
coordinates, a set A, is given by x, = h(t), i = 1,...,n, where the h, are
analytic on (—¢,1 +¢). From this, it follows easily that A, is semianalytic.
Therefore

(c) every one-dimensional subanalytic set is semianalytic.

Moreover, (b) also implies

if A€ SBAN(M) , then the set of connected components of A
is locally finite, and each component of A is subanalytic.

(d)

If 4=h(C¥(1)), he C®(C*(1+¢), M), then the set Q of those p € C*(1)
where dh has rank k is open in R, Clearly, Q is then a finite or countable
union of open sets €, such that each set h(£2;) is a connected embedded
C* k-dimensional submanifold of M . So A(Q) is a finite or countable union
of connected C“ submanifolds of M. Since 4 = h(Q)U A4,, where 4, =
h(Ck(l) - Q), so that 4, € SBAN(M) and dim 4, < k, an easy induction
shows that A is a finite or countable union of connected C“ submanifolds of
M . Once this is known for cubic images, it follows that

(e) if A€ SBAN(M), then A is a finite or countable union of
connected C“ submanifolds of M .
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(Naturally, the stratification theorems proved in the next section will imply
the much stronger conclusion that the union can be taken to be a locally finite
partition.)

9. STRATIFICATIONS AND COMPLEMENTS

We are now ready to prove the basic theorems on the existence of stratifi-
cations compatible with subanalytic sets and maps and having various special
properties. As a by-product, we will also obtain the theorem that the comple-
ment of a subanalytic set is subanalytic.

Let M be a C” manifold. A stratum in M is a connected, embedded,
C® submanifold of M . A stratification in M is a set ¥ of pairwise disjoint
strata in M which is locally finite (i.e. every compact subset of M meets
at most finitely many members of %), and satisfies the frontier property, i.e.
the property that, whenever S, T are members of ., such that T # S but
TNClosS # J,then T C ClosS and dimT < dimS. Clearly, every subset
of a stratification is a stratification.

If &/ is any family of sets, we write || to denote the set |J& . If &
is a stratification in M, then the support of % is the set |[¥|. If k is a
nonnegative integer, we use % % to denote the set of all k-dimensional strata
of .#. Then |¥*| is a k-dimensional embedded C* submanifold of M,
whose connected components are the members of sk

If 4,5 C M, wecall S compatible with A if either SC A or SNA=0. If
&, & are collections of sets, we call . compatible with &/ if every S € ¥
is compatible with every 4 € & . If % is compatible with a set A4, then we
use #[A to denote the set {S:Se€.7,SC 4}.

If % is a stratification and A4 = ||, then we say that & is a stratification
of A. Clearly, if A C|%| and % is compatible with A, it follows that .#[A4
is a stratification of 4.

A block in M is a relatively compact stratum S in M such that there exists
a C” surjective diffeomorphism ®: C — S—where C is the open unit cube in
R , and k = dim S—such that the graph G(®) of & is subanalytic in R'x M.
Since S = n(G(®P)), where 7 is the projection from R'x M to M , it follows
that S is subanalytic in M. If M, N are C” manifolds, f € C“(M,N),
SCM, TCN,and T is ablock in N, we say that S is a block lift of T
by f if S is a stratum in M, as well as a relatively compact subset of M ,
and there is a C* surjective diffeomorphism ®:C x T — S, where C is the
unit open cube in R”, and v = dimS — dim T, such that f(®(c,?)) = ¢ for
(c,t)e CxT,and G(®) € SBAN((R” x N)x M). (This implies in particular
that f(S) = T, and that S is a block in M.) if ¥, are stratifications in
M, N, respectively, such that .7~ consists of blocks, we say that % is a block
lift of 7 by f ifevery S €. isablock lift by f of some T €7 .

If S isablockin M, and p € M, we say that S is locally connected at p
if every neighborhood U of p in M contains a neighborhood ¥V such that
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V'NS is connected. If S C A C M ,wecall S A-locally connected if it is locally
connected at every point of 4. (Notice that the local connectedness condition
is trivially satisfied if p € S or p ¢ Clos.S, so one only needs to verify local
connectedness for p € AN (ClosS —S).) If 4= M, we simply call S locally
connected.

The stratification results are

Theorem 9.1. Let M be a C* manifold, and let s/ C SBAN(M) be locally
finite. Then there exists a stratification & of M by locally connected blocks
which is compatible with <7 .

Theorem 9.2. Let M ,N be C” manifolds, and let &/ C SBAN(M), B C
SBAN(N) be locally finite. Let f € C*°(M,N), and let L € SBAN(M) be
closed and such that f is proper on L. Then there exist stratifications .# ,9 of
M, N, respectively, such that .# is compatible with &/ U{L}, J is compatible
with %, consists of locally connected blocks, .# consists of blocks, and #[L
is a block lift of 7 by f.

Clearly, Theorem 9.1 is a particular case of Theorem 9.2 but it will be con-
venient to prove it separately. In particular, Theorem 9.1 can be applied to
& = {A}, where 4 € SBAN(M). It then follows that M — A is a locally finite
union of blocks, and in particular a subanalytic set. So Theorem 9.1 implies in
particular:

Corollary 9.3. If M isa C” manifold M and A€ SBAN(M), then M — A €
SBAN(M) .

To prove the stratification results, it is convenient to introduce some prelim-
inary definitions. Suppose that k, C, Q, ¢, M are such that C is an open
cube in Rk, Q is a neighborhood of ClosC in Rk, M is a C” manifold,
and ¢ isa C* map from Q to M such that d¢(p) has rank k at some point
of C. Let 4 =¢(C). Then we call A a k-dimensional cubic image in M ,
and we refer to the triple (C,Q,®) as a realization of A. If (C,Q,¢) is a
realization of 4, we use B(C,¢) to denote the union of Clos C—C and the set
of those p € C where d¢ has rank < k It is clear that B(C,¢) is a compact
semianalytic subset of Q, so the set 4 = ¢(B(C,¢)) is compact subanalytic
in M. Clearly, dim 4 < dim 4, and A CClosA. If peC, p ¢ B(C,9¢),
then ¢ has rank k& at p, and so ¢ maps a neighborhood of p in C to a
k-dimensional embedded C“ submanifold of M . We let M ,(p) be the germ
at ¢(p) of this submanifold.

Suppose that, for i = 1,2, (C,,Q,,¢,) are realizations of k-dimensional
cubic images A4,. Let k > max(k,,k,). We define Cr, (C,,¢,,C,,$,) to be
the set of those pairs (g,r) € (C, x C,) such that rankd¢,(q) = rankde,(r) =
K. 6,(0) = 6,(0r). but 4, (q) #A,,(r).
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Lemma 9.4. Let M be a C” manifold and, for i = 1,2, let (C;,Q;,9,) be
realizations of k;-dimensional cubic images A, in M. Let k > max(k, ,k,).
Then:

(A) Cr (C,,¢,,C,,¢,) is a semianalytic subset of Q, x Q,, of dimension
<K,

(B) Cr (C,,9,,C,,8,) is closed in

Q, xQ, - ((B(C,,9,) x Clos C,) U(Clos C, x B(C,, ¢,))).

Proof. First we prove (B). Suppose p;, = (qj,rj) € Cr.(C,,9,,C,,9,),
limj_’oopj =p=(q,r) € Q xQ, - ((B(C|,9,) x ClosC,) U (ClosC; x
B(C,,¢,))). Then q ¢ B(C,,¢,) and r ¢ B(C,,¢,),s0 q € C,, r € C,,
and rankd¢ (q) = rankd¢,(q) = k. If %.(q) = %z(r), then it is clear
that there is a diffeomorphism 6 from a neighborhood U, of ¢ in C, onto
a neighborhood U, of r in C,, such that ¢,(6(¢')) = ¢,(¢") for ¢’ € U,.
Moreover, we can assume that ¢, is one-to-one on U, for i = 1,2. Since
(g;,r;) € Cr (C,,9,,C,,¢,), we have in particular ¢l(qj) = ¢,(r;) . But then
r= 6(q;) if j is large enough. Therefore %I(qj) = %2(rj) , contradicting
the fact that (qj , rj) €Cr (C,,9,,C,,8,).

We now prove the semianalyticity of Cr, (C,,¢,,C,,¢,). Itis clear that we
can write each C, as a finite union of open cubes C; , with the property that,
for every s,s', elther #,(C,)Nd,(C,,) =D or ¢,(C 13)U¢2( C,,/) is a subset
of the domain of a cublc coordinate chart of M. From this it follows easily
that we may assume that M = R". Also, we may assume that x = k, =k,,
for otherwise the set Cr, (C,,¢,,C,,¢,) is empty. Let D C C x C be the set
of those pairs (£,,¢,) such that ¢,(¢)) = ¢,(¢,) and d¢,(£,) has rankx for
i=1,2. If welet A, denote the sum of the squares of the x x ¥ minors of
the Jacobian matrix of ¢,, then D is the subset of C x C characterized by
#,(8) = ¢,(&), A(&) #0, A(E) # 0, so D is a semianalytic relatively
compact subset of Q, x Q,.

If S isasubset of {1,...,n} such that card(S) =, we let §' = {1,
n}—S and,if §={i,...,i}, S'={jl,... ity I <y <. <ig, j; <
Jy < <J,_,thenwelet my(x ,...,x,)= (x,.I e ,xik), o (X, ...,X,)=

n
(5 - ,xj”_k), so that x — (m4(x), 7 (X)) is an isomorphism between R”

and R x R"™* . Let ¢, = ngod,. If dp,(£) has rankk, then the germ
M, (§) is transversal to {(7g o ¢;)(£)} x R"K iff d¢; ¢(§) has rankk. So, if
(¢,,¢,) € D, and %.(él) = %Z(éz) , then d¢1,s(51) has rank x for a subset
S iff d¢, ¢(£,) does. Define Dg to be the set of those (¢,,&,) € D such that
both d¢, s(&;) and d¢, s(&) have rankx . If A, ¢ denotes the determinant
of the Jacobian matrix of ¢, 5, then Dg is the subset of C x C defined by
$,(S)) = ,(&,), A, (&) #0, A, (&) # 0. Therefore, D is semianalytic
and relatively compact in Q x Q,.

It is clear that Cr (C,,¢,;C,,¢,) C D. On the other hand, if ({,,¢,) €D,
there is always an S such that A ((§,) # 0. If A, 5(&) =0, then /£, (&)



448 H. J. SUSSMANN

is transversal to {¢, (&)} x R but M, (&) is not. Therefore %.(él) #
///(ﬁz({z), and so (¢,,¢,) € Cr (C,,9,;C,,9,). Hence the semianalytic set

— (Ug Dy) 1s entirely contained in Cr, (C,,¢,;C,,¢,). So, to prove that
Cr.(C,,9,;C,,9,) is semianalytic, it suffices to prove that each Eg is semi-
analytic, where

(9.1) E¢=Cr (C,,¢,:C,,9,)NDq.

Clearly, it suffices to consider the case when § = {1, ... ,k}. Write ¢,({) =
(v,(£),6,(&)), where y, =mgod,, 0, =mrg0¢,. Let n=(¢,,&,) € Dg. Then
$,(&) = 6,(&,). Let x = ¢,(¢,). Then x = (x',x"), x' e R*, x" e R"¥.
Both %, (I %z(é;) are germs of k-dimensional C“ manifolds through
x, transversal to {x'} x R"F. Hence, for i = 1,2, //dh(éi) is given, in a
neighborhood of x, as the graph of a C“ function hi , defined near x’, with
values in R" % , and such that h,.(x') = x". The functions h,,h, depend
on 7, and we will emphasize this by writing A],h]. The germs M, (&),
///%(52) coincide iff h;’ and h;’ coincide on a neighborhood of x'. Since
hl(x") = hl(x'), we have My (&) = A, (&) if and only if Dh] and Dh]
agree on a neighborhood of x’'. (Here “D” stands for “Jacobian matrix of™.)

The functions /' satisfy

(9.2) 0,(¢) = h!(w,(&))
for ¢ near ¢, . This implies that
(9.3) DO6,(&) = Dh](y,(£)) - Dy, (&)
for ¢ near ¢,. Therefore
(9.4) Dh](y,(&)) = D6,(&) - [Dt//,(f)]_l,
so that, if h! = (k] ,... k), wehave, for j=1,....,k, I=1,...,k,
oh" . W, . (&)
i,j _ i,j,l
(9.5) ox, (v, (&) = 3,50

where W, Iy is a C® real-valued function on Qi. We claim that, if o =
(o, ... ,ak) isa k-tuple of nonnegative integers such that |a| = o, +- -+, >
1, then there exists analytic functions Z, o On Q; such that

o"n! Z, (&)
(9.6) L (p,(8)) = A—S(’EW

Axy - ax!
for & near ¢,. (The functions Z, “ do not depend on 7.) Indeed, we
have already established this for |a| 1. If |ao| > 1, and the Z, ; p have
been defined for |B| = |a| — 1, pick / such that o, > O, and let B =
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(ay, ..o, ...,a.). Then, if we write & = (§,,...,&), ¥, =
(W, 1), ..., ¥, (&) we have, for m=1,... k:

oyt W, (&
(9.7) 6 ( /} = (‘/’,(é))) = =t ,B y’;‘(ﬂl) 3
08, \axP .. axpx A, (&)
where
(9:8) W, DL, - @Il 1)Z,
: ij.B.m— 65,4’"' i,S i,j.B aém :
So

alﬁlh'l 6'/’,, u/;ﬂm(é)
9.9) zj = o ax}{,k)< O ) = S

If ({,,,(¢)) is the matrix of the complementary minors of (dy; ,(£)/0¢,,)
so that

r.m?

k ow. é
(9.9) > V;’é’( )C,,,V(i) 8,4, &),
m=1 m
then we have
o [ 0! St Wi 5 m©E (&)
(9.10) 5)'(: (W)(W €)= Ajflgl” .

So, if we let r =/, we get the desired expression, with

lj(l' Z l_//imml

In particular, we have A = A] in a neighborhood of x’ if and only if the
equalities

(9.11)

Zl ,j,u(él) _ Z2,j’a(62)
Al ’S(él)z‘(ﬂ—l AZ,S(éz)Zla]—l
hold for j =1, ...,k and all multi-indices «. For each j,a, we can define a
C“ function A 0t ) x Q, — R by letting
2|al—
(913) 4, (&.&) =4, &)z, (@) -4, @)™z (&)

Then Ej; is exactly the set of those n € Q, x Q, such that (a) n € Dy, and
(b) 4, .(m) =0 forall j,a. So

(9.14) E;=D¢N (ﬂzam))

Jja

(9.12)

2]al—1

The set ['] Z(A (.) is an analytic subset of Q, x Q,. So E¢ is semianalytic.

As explamed above, this shows that Cr, (C,,¢,; C2 , ¢2) is semianalyitc in Q x

Q,.
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We now show that
(9.15) dimCr, (C,,¢,;C,,9,) <k.

Assume that this is not true. Then there exists a nonempty k-dimensional
connected embedded C” submanifold H of Q, x Q, which is contained
inCr (C,,¢,;C,,¢,). In particular, this implies that ¢,(¢,) = ¢,(¢,) when-
ever (£,¢,) € H. Pick a point 7 = (&,,&,) € H, and let v = (v, ,v,) be a
tangent vector to H at 7. If ¢ — (,(¢),&,(7)) is a curve which goes through
% when ¢ =0, and is contained in H, and such that fi(O) =v, for i=1,2,

we have ¢, (Z,(1)) = 6,(&,(1)), and so d, )&, (0)) = 6, (E,)(%,(0).

Since d¢,(£;) are injective for i = 1,2, we conclude that v, =0 iff v, =0.
Therefore, if we let 7' denote the projection (¢, ,&,) — ¢, , restricted to H,
we see that dn' and dn’ are injective at every point of H. Hence ' ,n2
map neighborhoods U, , U, of 7 in H diffeomorphically onto neighborhoods
V,,V, of &, & in C. Since qblon' =¢2o7r2, if we let U = U, nU,, and
replace V,,V, by V| nqﬁl_l(U), v,n ¢2_'(U), we conclude that 7' ,nz map
U diffeomorphically onto V|, V,, and ¢,(V,) = ¢,(V,). But ihis implies that
M, (&) =4, (&) So (£, isnotin Cr(C,,4,;Cy,0,).

This contradiction proves that Cr, (C,,¢,;C,,#,) cannot contain a k-
dimensional C” submanifold. O

Lemma 9.5. Let M be a C” manifold, and let A € SBAN(M), dimA =
k. Then ClosA = A, U A,, where A, € SBANM), A C A4, A, isa k-
dimensional embedded C* submanifold of M, A, is closed, A NA, =D, and
dim4, < k.

Proof. Let A = U{Ai:i € I}, where {A4':i € I} is a locally finite family of
k;-dimensinal cubic images. Let (C,,Q,,¢,) be a realization of A It is
clear that Clos A4 = |J{¢,(ClosC,):i € I}. Let B, = B(C;,¢,). Then B, isa
compact semianalytic subset of Q,. Let B, = CrK(Ci,¢,;CJ. ,¢j) .80 B is a
semianalytic subset of Q, x Qj , of dimension < k, by (A) of Lemma 9.4. Let
A, be the union of all the ¢,(B,) and all the v,,(B;)), where v (g ) =¢.(q).
Then A, € SBAN(M), A, is closed of dimension < k, and 4, C Clos4. (To
see that A, is closed, let {x,} be a sequence of points in A4, that converges
to x € M. Assume x ¢ A,. Since the sets ¢,(B;) are compact and form
a locally finite family, their union V' is closed. So x, ¢ V if n is large
enough. Since x, € 4,, we must have x, = ¢,, (q,) = ¢j(")(rn) , for (q,,r,) €
CrK(C,.(n) ity > Cj(n) ,qﬁj(m) . By passing to a subsequence, we may assume that
i(n) = i and j(n) = j, independent of n. Also, we may assume that {q,}
converges to g and {r,} convergesto r. Then x = ¢,(q) = d)j(r). Since x ¢
A,, we have (q,r) ¢ (B(C,,9,) x Cj) u(C, x B(Cj,¢j)). Therefore (gq,r) €
CrK(Cl.,q&,.,Cj,gbj), by (B) of Lemma 9.4. So x = l//ij(q,r) € l//,.j(Bl.j) cA4,.
Welet A, = A4— A,. Then A, satisfies the desired conditions. O
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Remark 9.1. In Lemma 9.5 is is not asserted that A4, is subanalytic. Naturally,
this conclusion will follow once we have proved Corollary 9.3. ©

The proofs of Theorems 9.1 and 9.2 will be by induction on the dimension.
To carry out this induction, we will lift stratifications from R"! to R". The
relevant definitioins are as follows.

If S isablockin M, and 7.5 — R is a function, we use G(7) to denote
thegraphofr i.e. theset {(s,7(s)):5s € S}. Also, welet G_(1) = {(s,t):5€S
and t < 1(5)}, G (1) ={(s,0):s €S and ¢ > 1(s)}. If 7,7 are two functions
on S, write T <n if 1(s) < r](s) for all s € S. In that case, define G(7,n) =
G ()nG_(n).

An admissible function on the block S is a bounded, C* function 7 on S
whose graph G(t) is a subanalytic subset of M x R. Clearly, if S is a block
and t is an admissible function on S, then G(1) is also a block. If 7, n are
two admissible functions on S such that 7 < n, then G(7,n) is also a block,
because G(t,n) = f(E), where E = {(s,a,b,c):(s,a) € G(1),(s,b) € G(n)
and a<c<b},and f(s,a,b,c)=(s,c). If S isablock, p € ClosS, and t
is an admissible function on S, then we use A7(p) to denote the set of all limits
lim oo (s j) , for all sequences {s j} of elements of .S such that lim im0 S =P
It is clear that A7(p) is a compact subset of R. If SC A C M, and 7 is an
admissible function on S, we call © A-regular if the limit lim _, (s) exists—
i.e. if At(p) consists of a single point—for each p € A N Clos.S. We then use
Lt(p) to denote that limit. It is clear that Lt is continuous on 4 N ClosS'.
Moreover, it is easy to verify that, if S is an A-locally connected block, and
7 an A-regular admissible function on S, then G(7) is an (A4 x R)-locally
connected block. Similarly, if 7,#n are A-regular admissible functions on S,
and 7 < n, then G(1,n) is an (A x R)-locally connected block.

Lemma 9.6. If S is an A-locally connected block in M ,t an admissible function
on S, and p a point in ANClosS, then At(p) is a compact interval.

Proof. We already know that At(p) is compact. Let a,b € At(p), a<b. Let
{s;},{o;} be sequences of members of S such that lim, s =lim;, o, =
D, hmj_,oor(s) =a, lim,__1(0;)) = b. Let a < c < b Let {U} be
a fundamental sequence of neighborhoods of p in M such that U, NS is
connected for each k. Then 7(U,) is connected and contains points arbitrarily
close to @ and to b. So c € 1(U,). Pick z, € U, such that 7(z,) = c. Then

lim, , z, =p.So ce€ At(p). Hence At(p) is an interval. O

Corollary 9.7. If S isan A-locally connected block in M and t is an admissible
Sunction on S such that (Clos G(1)) N (A4 x R) does not contain any nontrivial
vertical segment {p} x [a,b], a<b, then t is A-regular. ©

An admissible system for a stratification S by blocks is a collection 7 =

{rS:S € %}, such that each 5 is a finite sequence (Tf yeees t‘fn(s)) of admis-
s

sible functions on S, with the property that tf <1, <r < tfn(s) . (We require
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that m(S) > 0 for each S, i.e. we do not allow any of the sequences ™ 1o
be empty.) In that case, we use G(7) to denote the union of the sets G(tf) ,

for Se % and i =1,...,m(S). Also, we use .¥° to denote the set whose
members are all the sets G(rf) , Se”,i=1,...,m(S), and all the sets
G(rf,rfﬂ), for Se %, i=1,...,m(S)— 1. It is clear that the members

of %" are pairwise disjoint blocks. Notice that G(t) C |¥"| C || x R and
n(G(1)) = n(|L]) = |¥|. If ¥ C A, we call T A-regular if every tf is
A-regular.

Lemma 9.8. Let .# be a stratification of a subset A ofa C“ manifold M by A-
locally connected blocks. Let t be an admissible system for &, such that G(t)
is relatively closed in AxR. Then t is A-regular and " is a stratification by
(A x R)-locally connected blocks.

Proof. We already know that the members of %" are pairwise disjoint blocks.
For each S, and each i € {1,...,m(S)}, the set (ClosG(rf)) N(A4 x R) is
contained in G(t), and therefore cannot contain a vertical segment. Hence riS
is A-regular by Corollary 9.7. Therefore 7 is A-regular. This implies that the
members of %" are A4 x R-locally connected blocks. One then easily verifies
that, whenever Se€ ., Te.¥, TCClosS, T#S,and i€ {l,...,m(S)},
there exists an index j = j(i,S,7T) such that Lr,.s = rf on 7. It then follows
easily that the closure in 4 x R of a set G(rf) is the union of G(rf) and all
the G(rjr(,.‘s'r)) for all the strata 7 € . such that T C ClosS and T # S.

Also, if i < m(S), then the closure in 4 x R of a set G(r;g , ‘L’il) is the union
of G(17,70,)), G(r)), G(13,,), together with all the G(z;) for j(i,S,T) <
k < j(i+1,8,T), and all the G(z, ,7,,,) for j(i,S,T) <k <j(i+1,S,T),
for all the strata T € .% such that T C ClosS and T # S. So .#" isa
stratification. O

Lemma 9.9. Let M be a C” manifold. Let A,H € SBAN(M) be such that
H is closed of dimension h, and A C H . Then there exists a finite family & of
closed subanalytic subsets of M, such that every F € F is a subset of Clos A
of dimension not greater than h — 1, with the property that, whenever S is a
connected subset of H which is compatible with F , then S is compatible with
A.

Proof. We use induction on 4 and, for agiven 4,on kK =dimA4. Let P(h,k)
be the statement that our desired conclusion holds for a given 4,k . We assume
that P(h',j) holds for all j if A’ < h, and P(h,k') holds for k' < k.
Let A,H have dimensions k,h. Let B = ClosA4. Using Lemma 9.5, write
B =CuD, where C C A,C is a k-dimensional embedded submanifold of
M | D is a closed subanalytic subset of M of dimension < k,and CND =J.
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Also, write H = KUL , where K isan h-dimensional embedded submanifold
of M,L is a closed subanalytic subset of M of dimension < #,and KNL =
.

Let E, =AND, E,=ANL. Let H =H, H,=L. For i = 1,2, let
%, be a finite collection of closed subanalytic subsets of M, such that every
G € Z is a subset of ClosE;, with the property that, whenever S C H, and
S is connected and compatible with &, then § is compatible with E,. (The
existence of &, follows from P(h,k — 1),and that of &, from P(h-1,k).)
Let ¥ =% U{B}uU{D} if k <h,and & = UL U{D}U{L} if k=h.
Clearly, every member of # has dimension < k. Suppose S is a connected
subset of H, compatible with .# . Then S is compatible with & , and so S
is compatible with E,. Then either S C E, or SNE, = J. In the former
case, S C A. So we only need to consider the case when SNE, = J. Since D €
S ,either SC D or SND=. If SC D,then SN4=SNDNA=SNE, =2.
So we may assume SN D = &. Assume first that kK < h. Then Be ¥ . So
either S C B or SN B = &. In the latter case it is clear that SNA4 = J.
If SCB,then S=SNB=SN(CuD)=(SnNnC)U(SND)=SnC. So
SCCCA.Nowassume Kk =h. Then L€ % . So S is compatible with L.
If SC L then, since S is compatible with &, (because &, C ¥), we conclude
that S is compatible with E, = AN L. So either S C 4 or SNA4 =0.
There remains to consider the case when SNL =@. Let K' = H— (LUD),
C'=C-L. Then C',K' are embedded h-dimensional C* submanifolds of
M,and C'CK'.Since SCH, SND=SNL=0,wehave SCK'. Itis
clear that C’ is both open and closed in K'. So C’' and K'—C’ are unions of
connected components of K’ . Since S is connected and S C K', we conclude
that either S C C' or SNC' = @. In the former case, S C 4. In the latter
case, SNBCSN(C'UDUL)=T,s0 SNA=0. O

Call a subset &/ of M Icb-stratifiable if, whenever &/ C SBAN(M) is
locally finite, then there is a stratification . of A4 by locally connected blocks
which is compatible with every member of & . Clearly, such a set is necessarily
subanalytic.

Lemma 9.10. Let &/ C SBAN(R™") be a locally finite set of compact sets. Let
n be the projection (x,y) — x from R™' to R". Let B € SBAN(R") be
closed. Let C € SBAN(R") be such that C C BN (| |), and n H(C)n ||
does not contain a vertical segment {p} x [a,b], p € R", a < b. Assume B
is lcb-stratifiable. Let # C SBAN(R") be locally finite. Then there exists a
stratification % of B by locally connected blocks, compatible with # and C,
such that there exists an admissible system o on?/[C with the property that
G(o)=n""(C)N|| and (¥[C)° is compatible with 5/ .

Proof. Foreach A€ & ,let 4= Ann '(ClosC). Let~&7= {A4:A e A},

It suffices to prove the conclusion with &/ replaced by & . Equivalently, we
may assume that |&/| C n_l(Clos C), so that n(]J&/|) = ClosC. Since each
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fiber 7r'"l(c) N|&|, for ¢ € Clos C, is a compact subanalytic subset of the line
{c} xR, and this subset does not contain a nontrivial segment, it follows that the
fibers are finite. Therefore k = dim C = dim Clos C = dim z(|%/|) = dim |%/|.

We use induction on k. The case k = 0 is trivial. So we assume that
0 < k < n and the desired conclusion is true for sets C’' of dimension < k,
and locally finite families .7 of compact subanalytic subsets of R"*' such that
n(|#']) = ClosC".

We desingularize the members of ./ . Precisely, we find compact C“ man-
ifolds N, of dimension < k, and C“ maps ® N, — R""' | such that
®,(N)=A.Let y,=no®,. Let N¥ be the set of those p € N, where y
has rank k, and let N: =N,- Nj’ . Then both Nj' and Nj are semianalytic
subsets of N, . We let N be the disjoint union of the N, and define ®, y
to be the maps on N that agree with ®,, v, on N, . Also, we define N £,
N’ in an obvious way.

Let B = y (N%), and Bj = y/A(Nj). Let % be the set whose members
are the Bj' and the Bz. Then Z is locally finite, & C SBAN(R"), and the
union of the members of % is Clos C.

Since B is Icb-stratifiable, there exists a stratification .~ of B by locally
connected blocks, compatible with ZU# U{C}. Now let D = |7~ k [C|. Then
D is an embedded C“ submanifold of R" and D € SBAN(R"). Let N =
t//_l(D). Then N isopenin N, N C N®, and t//[ﬁ is a proper submersion
onto D. (Indeed, if p € N, then p cannot be in N® because, if p € Nj , then
v(p) € Bz , which is a set of dimension < k . So the stratum 7 of 7 to which
p belongs would be contained in BZ , and then dim T < k, contradicting the
hypothesis that w(p) € D. Moreover, if p; € N and limj_wo p,=1r, then
each y(p;) belongs to a stratum T; of 7 . If it was not true that T, = T for
sufficiently large j, then there would exist a subsequence {p j(s)} such that all
the p,, belong to a T' €9 suchthat T' # T. But dimT’ < k, because

T C ®(N) C ClosC. Since p € T nClos T', we see that dim T < k, which
is a contradiction. Hence T, = T for large enough j. So p; € N for large
enough j. So N is open in N,N C N¥%,and y maps N onto D. Since D
is an embedded submanifold of R”, w is smooth as a map from N into D.
It is then clear that y/[ﬁ is a proper submersion onto D.)

If T eIt [C (i.e. if T is one of the connected components of D), let
]VT = y/—'(T). Then IVT is a k-dimensional manifold, and y/[ﬁT is a proper
submersion onto the k-dimensional manifold T . So V/[NT is a covering map.
Since T 1is a block, and so in particular connected and simply connected, we
conclude that all the fibers y/'l(t) , t € T, have the same cardinality v(T),
and there exist v(T) C“ maps CIT, ,{VT(T) from T to IVT such that, for
each 1€ T, y~'(0) = {{[ (1,6 (1), .. {py (0} Define 7/ (1) = &/ (1)),
where ¢ is the projection (x,y) —y.
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The sets IVT are subanalyticin N, since they are inverse images of the suban-
alytic sets 7 under the analytic map y . Then the sets { IT (T') are subanalytic,
because they are the connected components of ﬁT. Then the graph G(ziT) is
the image of L',.T(T) under @, so it is subanalytic as well. For a fixed T, and
any pair of indices /,j in {1,... , m(T)},let T, , = {xeT: riT(x) = tf(x)}.
Then T; i is subanalytic as well, because T, ; = a(W,; j,T) , where W, . 1
() x (M) N{(p,q) € N x N:®(p) = ®(q)}, and a(p,q) = ¥(p). Now
let ' be a stratification of B by locally connected blocks, compatible with
J andallthe T, .. Let Z = 7™[C. Let D' = |#|. Let T' € # . Then

i,
T' is contained in a stratum T of 9 k [C, and every set T, ; is either dis-

joint from T’ or entirely contained in it. This means that the functions r,.T ,
for 1 < i < v(T), are such that, if two of them agree at one point of T,
then they agree throughout 7°. Therefore, after appropriate relabelling, we
conclude that for each T’ there is a finite sequence &IT ’ Y enn ,&#T(’T,) of C”

functions on 7", such that &lT < &2T < < 6[(T,) , with the property that

<I>(://_'(T')) = G(&ITI) U---u G(&IZ'T,)) . The G(&iT ) are clearly subanalytic sets
(because they are the connected components of n! (T'YNn|«]), and the &iT'
are bounded. Hence the &iTI are admissible functions on 7”. Let & consist
of the &IQ’W forall i and all 7" € # . Then & is an admissible system for % .

We claim that %° is compatible with .2 . Indeed, let S € #°, A€ & .
Then either S = G(&iT/ ,6::1) or §= G(&irl) for some T’ € % and some i.
In the former case, SN || =J,s0 SNA=. Now assume S = G(c‘riTI).
Let T €. besuchthat 7' C T. Assume SNA # 3. Let z€ SNA.
Then z = ®(p) for some pe N - Clearly, p € CJT(T) for some j, and then

T

!
&,.T is the restriction of 7 ; to T'. Since N , is open in N, we conclude that

CJ.T(q) €N, for g€ T', q near p. So (D(er(q)) € N, for g€ T', q near

p . But then (q,&irl(q)) €A forqeT , q near p. So SNA isopenin S.
Since A is compact, SN A is closed in S. Since S is connected, S C 4.

Let C'=C—D'. Then C’ is a subanalytic subset of B of dimension < k,
because C’ is the union of those strata of .7'[C that have dimension < k. Let
E =n""(ClosC’). Let % be the family of all sets ANE, A€.% . Then % isa
locally finite family of compact subanalytic subsets of R™! | of dimension < k.
Moreover, we have ClosC’ = n(|%|), and n~'(C’)N|%| does not contain any
vertical segments. By the inductive hypothesis, there exists a stratification Z of
B by locally connected blocks, compatible with |7”'|, and an admissible system
¢ for % [C', such that G(¢) = n—'(C')ﬂlgl and (%[C')ﬁ is compatible with
. Now let o be defined as follows. If T € #[C’, we let o =67, If
TeZ[(C—-C"),thenlet T' be the unique stratum of .7 that contains T, so
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that T e % ,and 67 is well defined, and then let o consist of the restrictions
to T of the functions 6I.T . Itis clear that ¢ is an admissible system for Z[C .
Then %, o satisfy all the desired conditions. O

We now prove Theorem 9.1. We want to prove that the following holds for
every m:

I(m) : every subanalytic subset of a C* manifold M is Icb-stratifiable.

We use induction on m . The case m = 0 is trivial. Assume I/(m—1) holds,
and let M have dimension m. We want to prove that AM is Icb-stratifiable.
One easily verifies that every locally finite union of Icb-stratifiable subsets is
Icb-stratifiable. Hence it suffices to show that a relatively compact subset of the
domain of a cubic coordinate chart is Icb-stratifiable. This means that we can
assume that M = R” and try to prove that a bounded closed cube K in R”
is Icb-stratifiable. So we only need to consider finite families ./ of subanalytic
subsets of K , and find, for each such family, a stratification . of K by locally
connected blocks which is compatible with .2/ . In view of Lemma 9.9, we may
assume in addition that the members of % are compact and have dimension
< m. Let % be the set of all closed faces of K of positive codimension. Let
& =9 0% . Then || is a compact subanalytic subset of R” of dimension
<m.

By the Koopman-Brown theorem (cf. [KB]), there exists a regular direction
for ||, i.e. a nonzero v € R” such that every straight line L parallel to
v intersects || in a finite or countable set. Since L N |&/| is compact and
subanalytic, it is in fact finite for every such L.

Make a linear change of coordinates so that v becomes the vertical vector
0,...,0,1). Write m=n+1, and use x,,...,x,,y todenote the coordi-
nates. Also, write x = (x,...,x,). After such a coordinate change, the cube
K need no longer be a cube with sides parallel to the axes, but we may find a
cube K’ whose sides are parallel to the axes, such that K C K'. Clearly, any
stratification of K’ which is compatible with % is compatible with both 54
and K . So the restriction of such a stratification to K will yield a stratification
of K compatible with o/ | as desired.

Now let K' = K x [a, b], where K is a closed cube in R" and a < b. Then
|| C K x [a,b]. Enlarge & by adding to it the sets K x {a} and K x {b}.
This preserves the property that the members of %/ are compact, subanalytic,
of dimension < n. Moreover, n(|%/]) is now equal to K, and |%/| does not
contain vertical segments. By Lemma 9.10, with B=C =K and Z =, we
see that there is a stratification % of K by locally connected blocks, and an
admissible system o for % , such that G(o) = |%/| and .%¥ = #° is compatible
with &7 .

Since G(o) is closed, we can conclude from Lemma 9.8 that . is a stratifica-
tion by (K xR)-locally connected blocks. Since K xR is closed, the members of
.7 are actually locally connected. Finally, it is clear that || = K x[a,b] = K "
because K x {a} e &/, Kx {b} e ,and &/ CK x[a,b]. O
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Now that we have proved Theorem 9.1, it follows in particular that Corol-
lary 9.3 holds. So from now on we can use the fact that the class SBAN(M)
is closed under the operation of taking complements, as well as under finite
union and intersections. Since the class of subanalytic sets is also closed under
the operations of taking direct and inverse images by analytic maps—provided
that, in the case of the direct image of a set 4, the map is proper on Clos 4—,
one can in many cases prove easily that a set is subanalytic by just writing its
definition. Indeed, the logical connectives A (‘and’), vV (‘or’), - (‘not’), cor-
respond to the operations of intersection, union and complementation of sets.
The existential quantifier 3 corresponds to taking a projection, and the uni-
versal quantifier V is expressible as —=3-. Hence any formula constructed by
means of these connectives from formulas that define subanalytic sets will still
define a subanalytic set, provided that the projections that correspond to the
quantifiers are proper. If & =% (x|, ...,x,) is a formula with free variables
X;, ... X, taking values in topological spaces X, ...,X,,and & is the for-
mula (Qx)Z (x,, ... ,X,), where Q is one of the quantifiers 3 and V, we call
the quantifier ‘Qx,” proper if, whenever K C X, x---x X, is compact, there
exists a compact subset J of X, such that (Qx)F (x,,...,x,) is equivalent
to (Qx, € J)¥ (x,,...,x,), for each (x,,...,x,) € K. The following result
then follows easily.

Theorem 9.11. Let M, ... , M, be C® manifolds, and let X\, ...,X, bevari-
ables taking values in M, , ... M, . For j=1,...,r,let

A; €SBAN(M,, ;) x My jy X - X My, 1)) s

where each i(k,j) isin {1,...,n}. Let & be a formula constructed from the
atomic formulae ‘(xl.(l e ,xi(u(j),j)) € Aj. " by means of the logical connec-
tives A,V,—,3,V. Assume that all the quantifications are proper. Let ¥ have
X; s...,X, asfreevariables. Then the set A of those s-tuples (X505 X;) for
which F holds is subanalytic in Mi. XXM, . O

We now prove Theorem 9.2. We first consider the special case when M, N
are Euclidean spaces and f is a projection. If p > g, we use ns to denote the
projection (x,, ... s X,) = (X, .. ,xq).

We assume that

I. L is closed subanaltyic in R™™" ,

IL f=n"", A= f(L), dimA = k, and f is proper on L,

HI. & is a locally finite family of subanalytic subsets of R"™™ |

IV. @ is a locally finite family of subanalytic subsets of R" .

We first prove that I(k,m,n) holds for every m,n and every k € {0, ...,
n}, where I(k,m,n) is the assertion that, whenever f,L,A,% ,% satisfy
conditions I, ..., IV, then there is a closed subanalytic subset A, of A, such

that dimA, < k and stratifications .%*,7 of L* =L - f —'(AO) , A, respec-
tively, such that, if A* = A-A;,and L, = f _I(AO)OL , then 7 is compatible
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with & U {A,}, ¥ is compatible with &/ ,.7" consists of locally connected
blocks, and . consists of (A" x R™)-locally connected blocks, and is a block-
lift of by f.

We prove this by induction on m, for fixed n and k. Obviously, the
case m = 0 is just a corollary of Theorem 9.1. Assume that m > 0 and
I(k,m —1,n) holds. We want to prove that I(k,m,n) holds.

Assume that f, L, A, ,% satisfy conditions I, ..., IV. Let k =dimL,
so that kK < k +m. Let ¥ be a locally finite family of compact subanalytic
subsets of R” (e.g. cubes) whose union is R”. Let ./ consist of all the sets
Anf'(J)nL,for Ae &/, Je # . Foreach A€, let & (A) be a finite
family of compact subanalytic subsets of Clos A, of dimension < x, with the
property that, if % is a stratification such that |%’| C L and .%¥ is compatible
with JQZA) , then it follows that . is compatible with 4. (The existence of
JﬂA) is assured by Lemma 9.9.) Let oA = UAGVJ‘MN(A)- Then & isa locally
finite family of compact subanalytic subsets of L of dimension < «, such that
every stratification %, compatible with o , for which |%°| C L, is necessarily
compatible with &/ .

Let K = |,5a7| , so K 1is a closed subanalytic subset of L, and dimK < k.
Write R""” = R" x R”, with coordinates (x,y), x = (X,,...,X,), y =
(Yy».--»y,,). Foreach (x,y), and each vector v € R", let AU,W be the
straight line {(x,y +tv):t € R}. Let B(v,K) be the set of those x € A with
the property that, for some y, the set 4, yonK is infinite. Then B(v,K) €
SBAN(R") by Theorem 9.11. (Indeed, if x € R", then x € B(v,K) if and
only if

@) @AHAD)((y, vy =0At<TAMVS)(t<s<T=(Xx,y+sv)€K)).

Since f is proper on K, the quantifiers in the above formula are proper.) Call
v regular if v # 0 and dimB(v,K) < k.

We show that a regular v exists. To see this, let G be the set of those
(x,y,v,t,7) € R" x R" x R” x R x R such that (y,v) =0, ¢ < 7, and
(x,y+sv)eK for t <s < 1. Foreach x,v,let H(x,v) be the set of those
(y,t,7) such that (x,y,v,t,7) € G. Let E be the set of those (x,v) for
which ||v||=1 and H(x,v)# @. Then E,G are subanalytic in R""", R" x
R" xR" xRxR, respectively. (This follows from Theorem 9.11, by just writing
down explicitly the definitions of £ and G.) Let n,u,v be the projections
(x,y,v,t,7) = (x,v),(x,v) — x, (x,v) — v, respectively. Then n(G) =E.
We claim that dimE < k+m— 1. Indeed, by Theorem 9.1, E is a locally finite
union of blocks. If dimE > k + m — 1, then it follows in particular that E
contains a block S of dimension k+m—1. On the other hand, G =,Grm"(S )
is a finite union of blocks. So G contains a block S’ of dimension k +m — 1
that projects diffeomorphically by 1 onto S. So there isa C“ map y from
S into G such that 7oy =identity. Let 4',v’ be the restrictions of u,v to
S. Then /z' ,v' are maps into A and the unit sphere £ of R” | respectively, so
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their ranks cannot exceed k,m — 1. So the ranks actually are equal to & and

— 1. This means that, after shrinking S, if necessary, we may assume that
S =UxQ, where U isa k-dimensional C” submanifold of R” such that U C
A,and Q isopenin X. Now write y(x,v) = (x,y(x,v),v,t(x,v),1(x,v)).
Let ¥ = SxR, V = {(x,v,s):(x,v) € S,1(x,v) < s < t(x,v)}. Let
#(x,v,s) = (x,y(x,v) +sv) for (x,v,s)€ V. Then V is a submanifold of
R” x T x R of dimension k + m, V is open in V, and ¢ maps V into K.
Clearly, ¢ hasrank k+m at (x,v,s) if s is large enough. Since ¢ is C“ and
V is open in V , we conclude that ¢ has rank k+m at some poiint of V. But
this is a contradiction, because ¢ maps V into K, and dmK =k <k +m.
So dimE < k+m—1 as stated. Now, it is clear that x € B(v,K) if and only
if (x,v) € E. If there did not exist a regular v, it would follow that every set
u_l(v) NE, veX,is k-dimensional. But then dimE = k + m — 1, which is
contradiction. So a regular v exists.

Now pick a regular v € R” . After a linear change of coordinates in R",
we may assume that v = (0,...,0,1). Now writt R” = R”' x R, with
coordinates (z,t), z = (z;,...,2,_,), z; € R, t € R. Let £,{ be the
projections (x,z,t) — (x,z2),(x,z) — X, respecuvely, so that f = o rf
Let I' = &(L). Let 1~\ = ClosB(v K). Let l" = ¢ YA 0)01‘ Let L
ENTHNL. Let L+_L L, T"=T-T, A+_A A, If (x, z)er+
then the vertical line {(x, z) }xR interesects K in a finite set. Hence by Lemma
9.10 there exists a stratification & of I" by locally connected blocks, compatible
with I‘+ , and an admissible system & for & [T, such that G(&) = ¢~ /T)nK
and @° is compatible with o

Next we apply the inductive hypothesis that I(k,m—1,n) holds. We obtain
a closed subanalytic subset K of A, of dimension < k, a stratification .~
of A by locally connected blocks, compatible with %Z U {A+} u {A },and a
stratlﬁcatlon ?/ of T* by blocks—where T, = {'(A,) NI, A" = A-A,,
and T'" -, =0 (A+) N I'— compatible with Q U {1“+} that consists
of (A+ X R'" I) locally connected blocks and is a block-lift of .7~ by (. Let
Ay =AyUA,, Ty =T, ul,, L,=L,uL,, A" =A-A,, T" =TT,
L+ = L L. Then A0 is a closed subanalytlc subset of A of dimension
< k. Since 7 is compatible with A", the set A" is a union of strata of
T . Since Z is a block-lift of . by (, every inverse image { _I(T) NI, for
TeT [K+ , s a union of strata of % that are (K“L X R’"_')-locally connected
and are block-lifts of 7" by (. In particular, this is true for those strata of .7~
that belong to F[A*. Let %' =% [T" . If Ue %', then U is (A" xR™™)-
locally connected, because A* C A", and U = ®,(C, x T), where C,, is an
open cube in a Euclidean space of the appropriate dimension, and @, isa c”
diffeomorphism on C,, x T with subanalytic graph, such that @ (u,v) = v
whenever u € C,, v € T. On the other hand, U is contained in a unique
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stratum Q,, of @. Since U C I'" C T'*, we see that Q, €] I'", so the

functions 619“ are definedon @, . Let oY be the system of functions obtained

by restricting the aiQ” to U. The collection ¢ of all the ¢V, forall U e %',
is an admissible system for %’ . Moreover, it is clear that G(o) = G(&)NL" =
KNL" , and |%"| is compatible with .2/ U{L*} , and therefore with &% U{.Z"} .
On the other hand, %’ is a stratification of I'™ by A" xR™ '-locally connected
blocks, and the graph G(o) is closed in L™, which is closed in A* xR” . So, by
Lemma 9.8, %"’ is a stratification by (A" x R™)-locally connected blocks. It is
clear that |%"°| = L* . Hence, if we take . = %' , all the desired conditions
are satisfied.

We now prove that J(k,m,n) hold for all n,m,k, where J(k,m,n) is
the statement that, whenever I, ..., IV holds, then there exist stratifications
S, ,of R"™™  R" respectively, such that . is compatible with .&7 U{L},
J is compatible with & U {A}, 9 consists of locally connected blocks, &
consists of blocks, and #[L is a block-lift of .7 by f. The proof is by
induction on k, for fixed n and m. The case k = 0 is trivial.

Assume J(k—l m,n) holds. Let f,L, A, , % satisfy I, ..., IV. Pick
stratifications .#, .7 of R™™, R" by locally connected blocks, compatible
with & U{L}, Z U{A}, respectively

Using I(k,m,n), find a closed subanalytxc subset A, of A, such that
dimA; < k and stratifications 5” T of L = L - f ( o)» A, respec-
tively, such that, if A" = A-Aj, and L, = f~ (AO) N L, then J is
compatible with T U {Ay}s 7 s compatible with 5” J consists of lo-
cally connected blocks, and . consists of blocks and is a block-lift of 7 by
f. Next, using J(k — 1,m,n), find stratifications S, F of R”""™, R",
compatible with FuFu {L,}, TUT U {A,}, respectively, such that T
consists of locally connected blocks, . consists of blocks, and & [L, is a
block-lift of 7 by f. Now let ¥ = (F[L,) U (F[L") U (F[R"™ - L)),

= (7[A0) u (f[A’L) U (f[(R" — A)). Then ¥ ,9 satisfy all the desired
requirements.

This completes the proof of Theorem 9.2 for the special case when M, N
are Euclidean spaces and f is a projection. The general case can be deduced
from this by using the fact that every real analytic manifold has a proper real
analytic embedding in a Euclidean space (Grauert’s theorem). Alternatively,
one can use the much simpler fact that a real analytic manifold has a proper
c' subanaltyic embedding in a Euclidean space (cf. Hardt [H3, p. 215]). ©
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